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ABSTRACT

1.

There has been recent interest within the networking research area
to understand the transmission delay in Cognitive Radio (CR) Networks with overlapping primary network and secondary network.
In this paper, we investigate the scaling behavior of transmission
delay in large scale ad hoc CR networks. We take different scenarios of CR networks into consideration and thus obtain a wind range
of results. We first neglect propagation delay and study the ratio of
transmission delay to distance, denoted by γ(λS , AP ), using the
Poisson Boolean Model and Poisson Random Connection Model
of continuum percolation theory. We show that γ(λS , AP ) is a
constant and figure out its exact value in supercritical secondary
network. In case of subcritical secondary network, we introduce
a multi-cluster hop transmission process to get the lower bound of
γ(λS , AP ). Then we take propagation delay into consideration to
obtain further results. Finally, we use simulation results to verify
our theoretical analysis. The results present the scaling behavior of
transmission delay in CR networks and provide the design guidelines for large scale wireless networks.

Most of the frequency spectra suitable for wireless communication have already been licensed by the Federal Communications
Commission (FCC) in the USA. Today, as wireless communication
witnesses a dramatic growth, efficient usage of spectrum becomes
necessary. However, recent measurements [4] have shown that over
90% of the time, a large percentage of the licensed bands remain
unused. This under utilization of statically allocated spectra motivates the study of a new type of wireless communication network,
the Cognitive Radio (CR) networks, composed of the overlapping
primary network and secondary network. By carefully sensing and
learning the primary users’ presence through their cognitive devices, secondary users can identify and utilize spectrum opportunities while avoiding unacceptable interference to primary users.
Therefore, cognitive radio has dramatically improved the spectrum
efficiency.
Since the Gupta and Kumar’s landmark work [5], the study of
wireless networks has received great attention. Besides capacity,
coverage [7] and connectivity [8] of wireless networks are also well
studied. These works mainly concern the homogenous networks,
where nodes are distributed according to Poisson Point Process.
However, the heterogeneity of CR networks, caused by the heterogeneity of spectrum opportunities over time and space, makes the
study of CR networks different from that of homogenous networks.
Specifically, secondary users within the transmission range of any
primary users that are broadcasting or receiving information can
not have spectrum opportunities. Therefore, the secondary users
will not be able to send or receive massages even if they are topologically connected with the outside secondary network. From the
perspective of secondary network, it has “vacuum" space. Hence,
the initial homogenous Poisson Point Process becomes heterogenous due to the impact of primary network. Therefore, the previous
results can not be efficiently applied into CR networks
As CR networks receive more and more attention, some recent
works have put them on priority. In [9], L. Ding et al. proposed a
routing and spectrum allocation algorithm for CR networks to maximize the throughput. By using percolation theory, especially continuum percolation [1], W. Peng et al. [10] and W. Ren et al. [11]
have studied the connectivity in CR networks in terms of density
pairs of primary users and secondary users (λS , λP T ). They both
show that the overall connectivity exits if and only if λS > λ∗S and
λP T < λ∗P T , where λ∗S and λ∗P T are two critical density values.
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INTRODUCTION

When we consider network design and architecture, one of the
most significant issues is transmission delay. In [12], S. Bodas et al.
have considered the problem of designing scheduling algorithms for small delay in multi-channel wireless networks. In [13], Z.
Kong et al. have answered what fraction of the network eventually
receives the message when the network is subcritical and how long
the delay is. In [14], S. Zhao et al. studied the relationship between node density and transmission delay. Again we noticed that
these works mainly considered the homogenous networks. This
motivates us to answer the following question in this paper:

density and primary network on the transmission delay in supercritical secondary network. Then we study the influence of mobility to
obtain further results in subcritical secondary network. Finally, we
take the propagation delay into consideration to reach more general
conclusions. The major contributions of this paper are as follows:
• We investigate the scaling behavior of transmission delay in
large scale ad hoc CR networks in both Boolean Model and
Random Connection Model of continuum percolation theory.
• We present either exact value or the lower bound of the transmission delay to distance ratio γ(λS , Ap ) as the distance
goes to ∞. To the best of our knowledge, this is the first
work that ever gives a precise description of delay’s scaling
behavior in CR networks.

• How does transmission delay scale with the distance from
source to destination in large scale ad hoc Cognitive Radio
networks?
To make our analysis meaningful, we first introduce the connectivity of networks, the prerequisite for communication. Full connectivity [6] can ensure the successful communication between any
randomly chosen node pairs. However, the huge power consumption of maintaining such strong connectivity makes it impractical
in some situations where the total throughput of energy for each
node is limited. Thus, it is necessary to introduce a slightly weaker
connectivity paradigm, i.e., an infinite connected component containing a high proportion of the networks’ nodes exists.
Using the continuum percolation theory, it is possible to achieve
this weaker connectivity in large scale networks. The two most
general models in [1] are Poisson Boolean Model (BM) and Poisson Random Connection Model (RCM). The two models describe
the behaviors of connected component in a random geometric graph
in which nodes are distributed according to Poisson Point Process
with node density λ, and two nodes share a link according to a connection function. A fundamental result of RCM or BM points out
a phase transition effect in percolation of networks. For λ > λc
(supercritical), there exists a unique connected component containing an infinite number of nodes, i.e., the networks percolate. For
λ < λc (subcritical), the unique connected component is broken
into infinite number of mutually disconnected finite components almost surely. Thus, the network cannot achieve overall connectivity
and messages may not be able to reach the destination if it resides in
the different component with the source. Therefore, we need to introduce mobility of nodes into the network as mobile nodes which
have been informed the information may meet the source even if
they are within different components initially. Consequently, the
messages can see a probability to disseminate among the network
when nodes are mobile.
We will study the transmission delay under the weaker version of
connectivity. Waiting delay and propagation delay 1 are two major
contributions to transmission delay. In supercritical networks, secondary users within the unique infinite component have instantaneous connectivity. Then waiting delay consists only of the waiting
time for spectrum opportunities. Whereas in subcritical networks,
the waiting delay is composed by the waiting time for both instantaneous connectivity and spectrum opportunities. Usually, such a
waiting delay may be in the order of seconds, minutes or even larger time units. As for the propagation delay, it is in the order of
milliseconds when the network is not heavily loaded. Therefore,
compared to the waiting delay, it is negligibly small. Given spectrum opportunities, messages can disseminate among one connected component instantaneously if ignoring the propagation delay.
In our approach to the scaling behavior of transmission delay, we
consider different scenarios of CR networks. First, we neglect the
propagation delay and investigate the impact of secondary user’s
1

As is usual with percolation-theory based analysis for delay, the
queueing delay in the transmission of messages is not accounted.

• We do considerable amount of simulations to verify our theoretical analysis.
The rest of the paper is organized as follows. In section 2, we introduce our system model. In section 3, we present our main results
on γ(λS , Ap ) while ignoring the propagation delay. In sections 4
and 5, we give detailed proof of our results. In section 6, we take
the propagation delay into consideration to obtain further results
on γ(λS , Ap ). Simulation results will be presented in section 7 to
verify our theoretically analysis. Finally, we conclude in section 8.

2.

SYSTEM MODEL

We model the large scale CR ad hoc networks as a random geometric graph. Both primary users and secondary users are distributed according to the Poisson Point Process with density λP T
and λS , respectively, in an infinite two-dimensional space R2 . Primary nodes, in other words spectrum owners, have higher priority over secondary nodes for using communication spectrum. Secondary users buy spectra and can use them while they are not used
by primary users. It is clear that the waiting delay of primary network does not conclude the waiting time for spectrum opportunities. Then, the analysis of delay in primary network is a special
case of that in secondary network. Therefore, we will focus on
investigating the transmission delay of secondary network in the
following parts. 2

2.1

The Primary Network Model

We model the primary transmitters according to the Poisson Point
Process PP T (t) with density λP T . For one primary transmitter, its
corresponding receivers are uniformly distributed within its transmission range Rp . Based on the displacement theorem in [3], we
have that the primary receivers also form a two-dimensional Poisson Point Process PP R (t). Note that the two Poisson processes are
correlated with each other.
Assume that time is slotted with slot length TS . Without lose
of generality, we set TS = 1. Each primary transmitter is associated with an independent identically distributed (i.i.d.) switching
renewal process, denoted by SP (t), which changes between two
states: the active state, when it is broadcasting messages, and the
sleep state, when it is inactive. A primary receiver is active or inactive identically to its corresponding transmitter. By the Markovian
property of behaviors of primary network, the process Sp (t) can
be viewed as a discrete time Markov on-off (active-sleep) process
with i.i.d. active periods Q1p (t), and i.i.d. sleep periods Q0p (t).
2

In the following sections, we will use transmission delay of
CR networks and transmission delay of secondary network interchangeably.

Let us denote the probability of going from active state to sleep state and probability of going from sleep state to active state by p10
and p01 , respectively. And the probability of sustaining active and
sleep state in next slot are denoted by p11 and p00 , respectively.
Then p01 = 1/E[Q0p (t)] and p10 = 1/E[Q1p (t)]. The stationary
distribution of Sp (t) is:
β0 , lim P r(SP (t) = 0) =
t→∞

β1 , lim P r(SP (t) = 1) =
t→∞

E[Q0p (t)]
,3
+ E[Q1p (t)]

E[Q1p (t)]

E[Q0p (t)]
.
E[Q0p (t)] + E[Q1p (t)]

The transmission range of primary users is Rp . Spectrum opportunities are not available for secondary network within a circle
centered at one active primary user with radii Rp . Then the primary
network at time slot t can be represented by AP (λP T ; SP (t); Rp ).

2.2 The Secondary Network Model
As we have discussed above, in [1] two models, i.e., Boolean
Model (BM) and Random Connection Model (RCM), are used to
describe the connectivity of a random geometric graph. If we model the connectivity of secondary network by BM, two secondary
nodes share a link whenever they are within each other’s transmission range. However, if connectivity of secondary users are modeled by RCM, we say two that secondary nodes share a link, with
a positive probability, if and only if their distance is smaller than
rs . The positive probability is not one since the severe enemy attack, natural hazards, or energy depletion may cause link failure. In
other words, such a positive probability indicates that the link is unreliable, which is the key difference between BM and RCM. Since
BM and RCM are both non-trivial model, this paper will contain
the results for both of them.
Two secondary users can exchange information only when they
have at least one open path π. The following two conditions are
necessary for the openness of π:

2.3

Percolation of CR Networks

Percolation theory, especially continuum percolation, is our major theoretical tool for investigating the transmission delay. Since
we focus on delay problem in secondary network, we will use percolation of secondary network and percolation of CR networks interchangeably in the rest of the paper. Suppose at the beginning,
time slot 0, secondary nodes are distributed uniformly according
to PS (t) with density λS in an infinite 2-dimensional space with
initial position X0 = {X00 , X10 , . . . , Xn0 , . . .}. We denote the com0
and the critical percolation
ponent containing the origin O by CO
probability by λc (h(r)). Note that if λS > λc (h(r)), the BM net0
work Gt (λS ; h(r); AP ) is percolated for all time slot t and CO
contains infinite nodes. Whereas if λS < λc (h(r)), Gt (λS ; h(r); AP )
is not percolated for all t. Formally, we give the following definition of the critical density λc (h(r)):
D EFINITION 1. For Gt (λS ; h(r); AP ), the percolation probability pλ is the probability that the connected component containing
0
the origin CO
has infinite secondary users. The critical density of
secondary users is defined as λc (h(r)) = inf{λS > 0 : pλ > 0}.
Similarly, the RCM network Gt (λS ; f (r); AP ) is percolated if
and only if λS > λc (f (r)). The critical density λc (f (r)) can be
defined similarly to Definition 1. Note that probability function
h(r) > f (r) for ∀r ∈ [0, rs ], thus it is clear that the following
lemma holds.
L EMMA 1. For the two critical percolation probabilities λc (f (r))
and λc (h(r)), they satisfy λc (f (r)) > λc (h(r)).
We will further illustrate this lemma through simulation results
in section 7.

2.4

Useful Notations

To make it more readable, we list some useful notations and symbols used in this paper as follows:

1. π is established through multiple links;
2. messages, broadcasted by the source node, can be forwarded
by other nodes in π to the destination node.
In RCM model, we will define a probability function f (r) indicating the connection probability of two secondary nodes with
distance r. In reality, the farther two nodes are apart, the higher
risk for a successful communication connectivity. Moreover, when
r > rs , we assume there exists no link and thus rs can be regarded
as secondary user’s transmission range. Therefore, it is reasonable
to assume that f (r) is a monotone decreasing function with respect
to r and f (r) = 0 whenever r > rs . Formally, the constraint of
h(r) can be written as:
0 < f (rs ) < f (r) < f (0) < 1, 0 < r < rs .

dynamic. Similarly, Gt (λS ; h(r); AP ) and Gt (λS ; f (r); AP ) denotes the CR networks modeled by BM and RCM, respectively. 5

4

In BM, two secondary nodes are connected only when they are
within each other transmission range rs . The probability function
h(r) is:
h(r) = 1, 0 < r ≤ rs .
The problem of transmission delay will be discussed using both
the BM and RCM in this article. We denote the BM and RCM modeled secondary network by St (λS ; h(r)) and St (λS ; f (r)), respectively, in each slot t. The subscript t indicates that the network is
3
In this paper, we use P r(·) to denote the probability of one certain
event and E[·] denotes
∫ the expectation of one random variable.
4
h(r) also satisfies R2 f (r)dr < ∞ according to [1].

• AP : primary network. Gt (λS ; h(r); AP ), Gt (λS ; f (r); AP ):
CR network modeled by BM and RCM, respectively.
• D(u, R): a two-dimensional circular region centered at u
with radii R. d(u, v): the Eustachian distance between node
u and v;
• Sp (t): i.i.d. switching renewal process of each primary user. p00 , p01 , p10 , p11 : four state switching probabilities of
process Sp (t);
• Hm (t): a discrete time Markov on-off (active-sleep) process with i.i.d. active periods Zp1 (t), and i.i.d. sleep periods
Zp0 (t);
• π(u, v): a path between node u and v. Tp (lk ): passing time
of one link lk ∈ π(u, v). I(lk ): the interfered region of
lk . T (π): transmission delay of π(u, v) in supercritical secondary network.
• Ct,u,h(r) : one connected cluster containing node u at slot
t in subcritical secondary network. M{X0 , d}: the Constrained Circular I.I.D. Mobility Model for secondary network. Mh(r) (λS , AP ): a random variable characterized the
physical size of one cluster.
5
In following sections, we will use AP to denote the primary network AP (λP T ; SP (t); Rp ) for simplicity.

• Υ: multi-cluster hop transmission process in a subcritical
secondary network. TP (Υ): cluster to cluster transmission
delay of Υ. TS (Υ): waiting delay for spectrum opportunities in Υ.

3. MAIN RESULTS
After introduction of the system model, we are ready to present
our main results. Before that, we first give some basic properties of
γ(λS , AP ) to make the subsequent analysis more smooth.

3.1 Basic Properties of γ(λS , AP )
γ(λS , AP ) is the ratio of transmission delay to distance as the
distance from source to destination goes to ∞. We use the symbol
γ(λS , AP ) to indicate that γ is impacted by λS and AP . First,
λS determines that whether the network contains a unique infinite
connected component or only finite connected clusters. Second,
AP imposes interference on communication in secondary network
because information can be forwarded by a secondary node only
when it has spectrum opportunities.
W. Peng et al. [10] and W. Ren et al. [11] proved that percolation of supercritical secondary network still exists if the density
of primary users λP T is less than a critical number λ∗P T . However, if λP T > λ∗P T , although percolation phenomenon still exists topologically, the infinite connected component has broken into
mutually disconnected finite clusters from the perspective of spectrum opportunities. In other words, although two disjoint clusters
are connected topologically, they are not able to exchange messages due to lack of available communication channels. Therefore,
to avoid confusion, it is necessary to redefine the supercritical and
subcritical property of CR networks.
D EFINITION 2. For Gt (λS ; h(r); AP ),
1. If λS < λc (h(r)), the secondary network is subcritical.
2. If λS > λc (h(r)), the secondary network is supercritical.
And if λP T < λ∗P T , it is com-supercritical (“com" is short
for “communication"). Whereas the secondary network is
top-supercritical (“top" is short for “topology") when λP T >
λ∗P T .
For Gt (λS ; f (r); AP ), we have the similar definition. Note that
if the secondary network is supercritical, the unique infinite con0
nected component CO
always exists from the perspective of topology structure and all nodes with within it share instantaneous connectivity. However, even two topologically connected nodes may
not be able to communicate with each other if they lack spectrum
opportunities. The difference between the two kinds of supercrit0
ical network is that all nodes within CO
have spectrum opportunities in com-supercritical network, whereas a high fraction of n0
odes in CO
do not have spectrum opportunities in top-supercritical
network. Then we are ready to present the basic properties of
γ(λS , AP ) in different categories of secondary network.
T HEOREM 1. γ(λS , AP ) is characterized by the following basic properties:

We will present the detailed proof of these four items in the following sections.

3.2

Main Results on γ(λS , AP )

T HEOREM 2. Given a BM Network Gt (λS ;h(r);AP ) with λS
> λc (h(r)), consider two secondary users u (source) and v (des0
tination) connected by the path π(u, v) in CO
, the corresponding
T (π)
γ(λS , AP ) , limd(u,v)→∞ d(u,v) satisfies:
(i) γ(λS , AP ) = 0 if λP T < λ∗P T (λS ); 6
(ii) if λP T > λ∗P T (λS ),
γ(λS , AP ) = κ ·

1 − β0ψ
β0ψ

,

where κ is a constant independent on λS . ψ is a constant satisfying ⌊πRp2 λP T ⌉ ≤ ψ ≤ ⌊[2πRp2 − F (rs , Rp )]λP T ⌉, 7 where
√ 2 2
−rs
rs 4Rp
rs
F (rs , Rp ) = 2Rp2 arccos 2R
−
.
2
p
T HEOREM 3. For a RCM Network Gt (λS ;f (r);AP ) with λS
> λc (f (r)), the conclusion on γ(λS , AP ) in Theorem 2 still holds.
T HEOREM 4. For a BM Network Gt (λS ;h(r);AP ) with density λc (h(r))
< λS < λc (h(r)), under the Constrained Circular
R2
I.I.D. Mobility Model M{X0 , d}, the corresponding γ(λS , AP ) ,
S (Υ)
limd(u,v)→∞ TP (Υ)+T
satisfies 8 :
d(u,v)
γ(λS , AP ) ≥
where R =
≤

1
,
β0η · E[Mh(r) (λS , AP ) + rs ]

4d+rs
and η is a constant
rs
Mh(r) (λS ,AP )
⌊π(
+ Rp )2 λP T ⌉.
2

4.

satisfying ⌊πRp2 λP T ⌉ < η

γ(λS , AP ) IN SUPERCRITICAL
NETWORKS

0
Given supercritical network, CO
contains infinite secondary user0
s for all t. Two randomly chosen secondary users within CO
share
instantaneous connectivity and the transmission delay consists of
only the waiting time for spectrum opportunities if we ignore propagation delay.

γ(λS , AP ) for Supercritical Gt (λS ; h(r); AP )
If λP T < λ∗P T (λS ), the network is com-supercritical. Then (i)
of Theorem 2 is clear since T (π) = 0.
If λP T > λ∗P T (λS ), the network is top-supercritical. Now, given two secondary users u (source) and v (destination), an open path
0
π(u, v) in CO
may be demolished when its node fails to forward
the information to the destination due to the impact of primary network. Thus, v can not receive the messages immediately and T (π)
is no longer zero. Next, we will study γ(λS , AP ) according to the
following computation flow.

4.1

1. γ(λS , AP ) increases with respect to λP T .
2. γ(λS , AP ) = 0 for any com-supercritical secondary network.
3. γ(λS , AP ) is a constant for a given top-supercritical secondary network.
4. γ(λS , AP ) has both lower and upper bound in subcritical
secondary network.

According to [11], we use the notation λ∗P T (λS ) to indicate that
the critical density λ∗P T varies with λS .
7
⌊A⌉ denotes the largest integer less than or equal to A.
8
Here, the expression of γ(λS , AP ) is different from that in Theorem 2 since u and v can not see any path connecting them when
the network is subcritical. The messages broadcasted by u is forwarded in multi-cluster hop transmission process, which will be
introduced in section 5.
6

1:
2:
3:
4:
5:
6:

Computation Flow: Spectrum-to-Hop Process (SHP)
∀x, y ∈ PS (t), they share a linkage l(x, y) whenever
d(x, y) ≤ rs .
Messages can be forwarded through l(x, y) when it has
spectrum opportunities.
The expected delay before l(x, y) owning spectrum opportunities is E[l(x, y)].
The minimum number of hops (linkages) in an open path
π(u, v) is Q(u, v).
The scaling behavior of hops number Q(u, v) is
limd(u,v)→∞ Q(u,v)
= κ.
d(u,v)
Obtain γ(λS , AP ) = κ · E[l(x, y)].

It is clear that after the step 1 in the above flow, the topological
structure of Gt (λS ; h(r); AP ) is established. When a BM modeled
network is top-supercritical, we can find a topologically connected
0
path π(u, v) in CO
after step 1. For one link lk in π(u, v), with
two endpoints uk , uk+1 and d(uk , uk+1 ) = rk , its passing time
Tp (lk ) is zero when none of the active primary users have imposed
interference on it. However, Tp (lk ) > 0 if lk is interfered by at
least one active primary user. Therefore Tp (lk ) is delay before the
messages can be forwarded through lk .
For lk , we can define its interfered region I(lk ). The transmission range of primary transmitters within this interfered region covers at least one of the endpoints of lk . Hence, if any of these primary transmitters are active, no spectrum opportunities will be available for uk or uk+1 and messages can not be forwarded through lk
successfully. Formally, we give the definition of I(lk ) as follows.
D EFINITION 3. For any point w in the same 2-dimensional space as the secondary network, if (i): d(w, uk ) ≤ Rp or (ii):
d(w, uk+1 ) ≤ Rp or both (i) and (ii) are satisfied, then we have
w ∈ I(lk ).
Assume that lk is interfered by ψ primary transmitters. By the
Poisson Point Process PP T (t) formed by primary transmitters with
density λP T , we have the following lemma.
L EMMA 2. (Step 2 in Flow SHP) Given the Poisson Point Process PP T (t) formed by primary users with density λP T , for a link
lk , with length rk ≤ rs in π(u, v), the expected number of primary
transmitters ψ within I(lk ) satisfies
1. if Rp ≥

rk
,
2

ψ = ⌊[2πRp2 − F (rk , Rp )]λP T ⌉,
√ 2 2
−rk
rk 4Rp
rk
where F(rk , Rp ) = 2Rp2 arccos 2R
−
.
2
p
2. if Rp <

(1)

rk
2

• : primary transmitter
• : secondary user

Rp
interference

uk l
k
rk

uk

Rp
1

uk

lk

Rp

rk

1

Rp

rk
rk

b. R p

a. R p

uk

2

2

Figure 1: Illustration of Lemma 2.
√ 2 2
−rk
rk 4Rp
rk
where F (rk , Rp ) = 2Rp2 arccos 2R
−
. Combining
2
p
Equations (2) and (3), item 1 is proved.
If Rp < r2k , D(uk , Rp ) and D(uk+1 , Rp ) are two independent
areas and the expected number of primary transmitters in the two
areas are also independent. Then item 2 can be proved by simply
by substituting |I(lk )| = 2πRp2 into Equation (2).
Note that in practical networks, Rp is larger than rs since the
transmission power of primary transmitter may be several times
larger than that of secondary user. To avoid the triviality in our
analysis, we assume that Rp > rs . Then the first item of Lemma
2 is always satisfied since rs ≥ rk . According to Equation (1),
it is clear that ψ depends on rk . However, due to homogeneity
of the Poisson Point Process and Boolean Model, we can use the
expectation of E[ψ] to approximate ψ since ψ converges to E[ψ]
when the subscript k goes to ∞. By 0 < rk ≤ rs , we have
⌊πRp2 λP T ⌉ ≤ E[ψ] ≤ ⌊[2πRp2 − F (rs , Rp )]λP T ⌉.

(4)

Thus E[ψ] is a constant, independent on k, between the lower and
upper bound in Equation (4). For simplicity, we will use ψ to denote E[ψ] in the rest of paper.
We associate one random variable Hm (t) for each link lm ∈
π(u, v). For lk , Hk (t) = 0 only when all the primary transmitters
in I(lk ) are sleep and Hk (t) = 1 if at least one of these primary transmitters is active. By the Markovian property behaviors of
each primary user, the process Hm (t) can be viewed as a discrete
time Markov on-off (active-sleep) process with i.i.d. active periods
Zp1 (t), and i.i.d. sleep periods Zp0 (t). Thus, Tp (lk ) is the delay
before Hk (t) = 0 for the first time, i.e.,
Tp (lk ) = inf {t : Hk (t) = 0}.

ψ=

t≥0

⌊2πRp2 λP T ⌉.

P ROOF. If Rp ≥ r2k , illustrated in Figure 1 a, two circular region D(uk , Rp ) and D(uk+1 , Rp ) are intersected with each other.
According to Definition 3,
∪
I(lk ) = D(uk , Rp ) D(uk+1 , Rp ).
Considering PP T (t) with density λP T , the expected number of primary transmitters ψ within I(lk ) is
ψ = ⌊λP T · |I(lk )|⌉,

(2)

where |I(lk )| denotes the Lebesgue measure (or area) of I(lk ). By
tools in plane geometry, we have
|I(lk )| = 2πRp2 − F (rk , Rp ),

(3)

The expected delay for lk (step 3 in Flow SHP) is:
E[Tp (lk )] =

∞
∑

n(1 − β0ψ )n · β0ψ =

n=0

1 − β0ψ
β0ψ

.

(5)

Now we have obtained the expected delay for each hop in π(u, v).
Next we will investigate the scaling behavior of the number of hops
in the path.
L EMMA 3. (Steps 4 and 5 in Flow SHP) Given the top-supercritical
Boolean Model Network Gt (λS ;h(r);AP ), the minimum number of
hops Q(u, v) in one path π(u, v) scales linearly with the distance
d(u, v), i.e.,
lim
d(u,v)→∞

Q(u, v)
= κ.
d(u, v)

P ROOF. The proof of lemma 3 uses Liggett’s subadditive ergodic theorem [2]. This technique has already been explored in [13]
and [14]. Here we will omit the detailed proof because of the space
limitation.
Combining Equation (5) and Lemma 3, we will finish the Computation Flow SHP after the step 6.
∑
T (π)
Tp (lk )
γ(λS , AP ) =
lim
=
lim
d(u,v)→∞ d(u, v)
d(u,v),k→∞ d(u, v)
Q(u, v) · E[Tp (lk )]
=
lim
d(u,v)→∞
d(u, v)
(the i.i.d. random variable sequence
∑
Tp (lk ) converges to its expectation)
= κ·

1 − β0ψ
β0ψ

y0

removing process

x0

y1

altered version

x0

y0

y1

Then we have proved the Theorem 2. 

adding points

G†
y0

x0

y0

x0

y1

.

γ(λS , AP ) for Supercritical Gt (λS ; f (r); AP )
To show the non-triviality of Theorem 3, we need to introduce
a algorithm named Removing and Extracting Process (REP) to reveal the relation between Gt (λS ; f (r); AP ) and Gt (λS ; h(r);AP ).
According to our system model, it is clear that the primary network
of the two CR networks are the same. So we can simply study the
correlation between St (λS ; h(r)) and St (λS ;f (r)).

St ( 0 ; f (r )) " G!

St ( 0 ; h(r ))

extracting process

x0

y0

St (

†

; f (r ))

y0

x0
y1

Figure 2: Illustration of Algorithm REP.
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Algorithm: Removing and Extracting Process
Input: St (λ0 ; h(r)) with λ0 > λc (h(r))
Output: G ′ , St (λ† , f (r)) and G †
For a direct linkage l(x, y) ∈ St (λS ; h(r))
l(x, y) is open according to function f (r).
If l(x, y) is close
Remove the linkage from St (λS ; h(r));
Put the pair of nodes (x, y) into the set Z.
End
End
Return a temporal graph G ′ .
For a node pair (x0 , y0 ) ∈ Z
If x0 is connected with y0 in G ′ through some hops
Go back to step 9.
Else
While (x0 is disconnected with y0 )
Put another node in G ′ ;
Connect the new node with the other nodes in
G ′ according to RCM.
End
End
End
Return the graph St (λ† , f (r)).
For a direct linkage l(x0 , y0 ) ∈ St (λ0 ; h(r))
if l(x0 , y0 ) ∈ St (λ† ; f (r))
Put l(x0 , y0 ) in G † .
Else
Put indirect linkage between x0 and y0 in G † .
END
END
Return the graph G † .

Steps 1 to 8 are the removing process and we get a temporal
graph G ′ . It is clear that G ′ = St (λ0 ; f (r)) because we have
reconstructed St (λ0 ; h(r)) according to the probability function
f (r). However, G ′ may not be top-supercritical since λc (h(r)) <
λc (f (r)) according to Lemma 1. The purpose of steps 9 to 19 is
to construct a top-supercritical network St (λ† ; f (r)). Steps 10 and

11 show a special case that even the direct linkage between x0 and
y0 is removed, they are still connected through some hops. When
x0 and y0 are disconnected, we need to put some new nodes into G ′
through steps 12 to 17. These new nodes are connected with each
other and with the previous nodes in G ′ according to RCM. Thus,
when the node density is sufficiently large, i.e., the network is supercritical, we can find a newly established path between x0 and y0
with probability one. In steps 20 to 26, we execute the extracting
process to get a new graph G † . The process is illustrated in Figure
2.
The purpose of Algorithm REP is to show that the new graph G †
is an altered version of St (λ0 ; h(r)). Formally, we can write this
in the following Lemma:
L EMMA 4. G † is an altered version of St (λ0 ; h(r)). Specifically, ∀ l(x, y) ∈ St (λ0 ; h(r)), x and y are connected either through
a direct linkage l(x, y) or through an indirect linkage 9 in G† .
P ROOF. In Figure 2, l(x0 , y1 ) is kept in both St (λ0 ; h(r)) and
St (λ† ; f (r)). But l(x0 , y0 ) does not exist in St (λ† ; f (r)) and x0
is connected to y0 through an indirect linkage between x0 and y0 .
Therefore, if we extract all these nodes and linkages (direct and
indirect ones) in St (λ† ; f (r)), we will get a new graph G † . The
only difference between G † and St (λ0 ; h(r)) is that a direct linkage
l(x, y) ∈ St (λ0 ; h(r)) may be an indirect linkage in G † . Thus, we
can define G † as an altered version of St (λ0 ; h(r)).
Therefore, if we can find a path π(u, v) from source u to destination v in St (λ0 ; h(r)) or Gt (λS ;h(r);AP ), we can also find a path
π ′ (u, v) in G † . And the difference between π ′ (u, v) and π(u, v) is
that π ′ (u, v) might have more hops than π(u, v). Fortunately, this
does not make any difference when we consider their scaling behavior as only finite number of hops have been added in π ′ (u, v).
Thus, we can conclude that Lemma 3 still holds for G † . Since G † is
a subgraph of St (λ† ; f (r)), Lemma 3 also holds for St (λ† ; f (r)).
Formally, we can write this conclusion as follows:
L EMMA 5. Given the top-supercritical Random Connection Model Network Gt (λS ;f (r);AP ), Lemma 3 still holds.
9

An indirect linkage between x0 and y0 includes x0 , y0 and the
other nodes that are used to connected x0 to y0 . For instance, the
indirect linkage between x0 and y0 in G † , illustrated in Figure 2,
consists of x0 , y0 , x′0 , y0′ and their linkages.

Our simulation results also verify this lemma. Then the proof of
Theorem 3 is finished. 
γ(λS , AP ) IN SUBCRITICAL NETWORKS
When it is subcritical, secondary network is broken into mutually
disjoint finite clusters. Then the messages can not reach destination
node if it is in different clusters with source node and the network’s
connectivity is fixed over time.
However, when the secondary network is mobile, there is a probability that the messages can be forwarded to destination in subcritical network. For instance, a source node broadcasts a message in a
subcritical network at time 0. Ignoring propagation delay, all nodes
in the same cluster with the source node will receive the message
instantaneously. The nodes in this cluster are only a fraction of all
the nodes since the network is not percolated. As time goes on,
however, nodes move, and there is a probability that the message
can pass from one of these message-carrying nodes in the cluster
to a new node if they are within each other’s communication range.
Then all other nodes in the same cluster with the newly informed
node will also receive the information. As this process goes on,
a large proportion of nodes will be informed of the message after
some delay. In other words, the messages can spread and reach the
destination in subcritical network if it is mobile. Thus, we need to
introduce a mobility model for secondary network.

5.

5.1 Mobility Model
We model the mobility of each secondary user by the constrained
circular i.i.d. mobility model, which has been introduced in [13].
Formally, we give the definition of mobility model as follows:
D EFINITION 4. The Constrained Circular I.I.D. Mobility Model M{X0 , d}: Given the initial position of secondary nodes X0 =
{X00 , X10 , . . . ,Xn0 , . . .}, at each time slot k = 1, 2, 3, . . ., Xuk is
uniformly distributed randomly within D(Xuk−1 , d): a circular region centered at Xuk−1 with radii d. The positions Xuk are mutually
independent among all secondary users and independent of all pre′
vious positions Xut where t′ = {0, 1, . . . , k − 1}. 10
Note Theorems 2 and 3 still hold if we apply the mobility model
in supercritical secondary network since mobility does not impact
the percolation phenomenon in the network. However, in subcritical secondary network, mobility increase the probability of percolation. Specifically, two nodes with initial distance less than rs +4d
has a strictly positive probability that they can share link after finite
delay. This indicates that the largest possible transmission range of
each node is rs + 4d under the mobility model. Thus, the percolation property of the network under mobility model is the same as
that of the static network in which secondary user’s transmission
range is rs + 4d. According to the scaling property of BM in [1],
we have the following lemma.
L EMMA 6. Given network Gt (λS ;h(r);Ap ) under the mobility model M{X0 , d}, if we scale up 11 the network by ratio R =
rs +4d
, the critical density for percolation after scaling is λc (h(r))
.
rs
R2
For a subcritical network with density λ < λc (h(r)), according
to Lemma 6, if λ > λc (h(r))
, the network still percolates. In othR2
er words, the weaker version of overall connectivity may be still
established in a subcritical network.
10

Note in our mobility model, the time it takes for a node to move
to new position is not accounted. Thus, delay is independent on the
mobility speed.
11
Here, scaling up the network means increasing secondary user’s
transmission range while keeping their positions the same.

Up to now, we have showed that under Constrained Circular
I.I.D. Mobility Model, information can spread among a subcritical network. However, the dissemination process is quite different
from that in supercritical network. It is done through the process
that we have briefly explained at the beginning of this section. We
define this process as multi-cluster hop transmission process. To
study the transmission delay, we first need to investigate this multicluster hop transmission process in the following subsection.

5.2

Multi-Cluster Hop Transmission Process

Given a cluster containing the secondary node u0 , denoted by
Ct,u0 ,h(r) , all secondary nodes in it share instantaneous connectivity with u0 . We assume that the source node u is in the same
cluster with u0 . At the beginning, time slot t0 = 0, all secondary
nodes within Ct0 ,u0 ,h(r) are informed of the message, broadcasted
by u, instantaneously since we have ignored the propagation delay.
However, the transmission process stops within Ct0 ,u0 ,h(r) because
no other clusters are connected with it. This transmission process
will restart at time slot t1 > t0 , when at least one node u1 is able
to receive the information from Ct0 ,u0 ,h(r) and then all nodes in
cluster Ct1 ,u1 ,h(r) will instantaneously informed of the messages.
This process goes on, until at time slot tM , node uM receives the
information and the destination node v is in the same cluster with
uM . Therefore, v is informed of the information instantaneously at this time slot. Then messages have been transmitted from
source node u to destination node v after this process. We name
this process as multi-cluster hop transmission process, denoted by
Υ{Ct0 ,u0 ,h(r) , Ct1 ,u1 ,h(r) , . . . , CtM ,uM ,h(r) }.
We associate each cluster Ctk ,uk ,h(r) with one random variable
Mtk ,uk ,h(r) (λS , AP ), which is defined as:
D EFINITION 5. For one cluster Ctk ,uk ,h(r) ,
Mtk ,uk ,h(r) (λS , AP ) =

sup

′ ∈C
u′k ,vk
t,u,h(r)

{d(u′k , vk′ )}.

From the definition, it is clear that Mtk ,uk ,h(r) (λS , AP ) is the
description of physical size of the cluster Ctk ,uk ,h(r) . Thus, it is
true that Mh(r) (λS , AP ) increases with respect to λS and decreases as the interference from primary network is heavier. Besides,
Mtk ,uk ,h(r) (λS , AP ) is independent on uk and tk . So we will
rewrite it as Mh(r) (λS , AP ) for simplicity.
γ(λS , AP ) for Subcritical Networks
When Gt (λS ; h(r); AP ) is subcritical, the messages must be forwarded in multi-cluster hop transmission process. Now given the
source u and destination v, consider the process Υ stating with
Ct0 ,u0 ,h(r) and ending with CtM ,uM ,h(r) , as illustrated in Figure 3.
Once we can find one cluster containing the v receives the messages
as Υ goes on, v will be successfully informed of the information
broadcasted by u. For one cluster Ctm ,um ,h(r) (1 ≤ m < M )
in Υ, it will be able to forward the messages to the next cluster
Ctm+1 ,um+1 ,h(r) only when both of the following two conditions
are satisfied.
(i) For vm ∈ Ctm ,um ,h(r) , vm+1 ∈ Ctm+1 ,um+1 ,h(r)

5.3

dmin = inf{d(vm , vm+1 )} < rs
(ii) For the link lvm ,vm+1 in condition (i), no active primary
users are residing within the interfered region I(lvm ,vm+1 ) given
in Definition 3.
Therefore, the total transmission delay TCm (Υ) in the m′ th hop
Ctm ,um ,h(r) of Υ are composed by cluster to cluster transmission
delay (condition i) and the waiting delay for spectrum opportunities
(condition ii), denoted by TPm (Υ) and TSm (Υ), respectively. We

The starting cluster The second cluster The Mth cluster
d

rs
u2

we have
M
TP (Υ)
≥ lim ∑M
M →∞
d(u, v)
(M
(λS , AP ) + rs )
h(r)
m=0

u

u1

u0

uM

ĂĂ

(since d(u, v) ≤

v

M
∑

(Mh(r) (λS , AP ) + rs )

m=0

d
d

M t1 ,u1 ,h ( r )

M t0 ,u0 ,h ( r )

and TP (Υ) ≥ M )
1
=
E[Mh(r) (λS , AP ) + rs ]

rs

rs

(the average of an i.i.d. random variable

M t M ,u M , h ( r )

sequence converges to its expectation).
M
∑
TS (Υ)
TSm (Υ)
≥ lim
M →∞
d(u, v)
(Mh(r) λS , AP ) + rs
m=0

Figure 3: Illustration of the multi-cluster hop transmission process Υ.

(since d(u, v) ≤
assume that the expected number of primary transmitters impacting
Ctm ,um ,h(r) is η. Using the same technique in Lemma 2, we can
see η is a constant satisfying:

= lim

Similar as the previous section, we use process Hm (t) to denote
the state transition process of these η primary users. Then we have

=

=

+

inf
m

Summing up
{Hm (t) = 0}.

M
−1
∑

TPm (Υ) =

m=0

By iteration of the inequalities as Υ goes on, the distance between u and v d(u, v) satisfies:
∥um+1 − um ∥ + ∥uM − v∥

m=0
M
−1
∑

(Mh(r) (λS , AP ) + rs ) + Mh(r) (λS , AP )

m=0

(since uM and v are within one cluster)
=

TP (Υ)
d(u,v)

and

TS (Υ)
,
d(u,v)

we can obtain

+

(tm+1 − tm )

≤ Mh(r) (λS , AP ) + rs .

M
∑

1 − β0η
.
· E[Mh(r) (λS , AP ) + rs ]

m=0

∥um+1 − um ∥ ≤ ∥um − wm ∥ + ∥um+1 − wm ∥

≤

β0η

M
−1
∑

Note that for ∀m = 0, 1, 2, . . . , M − 1, um+1 is connected with
one node wm in Ctm ,um ,h(r) at slot tm+1 . Then their Euclidean
distance satisfies the following inequality according to the triangle
inequity:

M
−1
∑

E[TSm (Υ)]
E[Mh(r) (λS , AP ) + rs ]

γ(λS , AP ) =

1 − β0η
· E[Mh(r) (λS , AP ) + rs ]
1
= η
.
β0 · E[Mh(r) (λS , AP ) + rs ]

= tM − t0 ≥ M.

d(u, v) ≤

m=0

TSm (Υ)/M
(Mh(r) (λS , AP ) + rs )/M

TP (Υ) + TS (Υ)
d(u, v)
1
≥
E[Mh(r) (λS , AP ) + rs ]

t≥TP (Υ)

For TP (Υ), we have
TP (Υ) =

M
∑

M →∞

=

TPm (Υ)

(Mh(r) (λS , AP ) + rs ))

k=0

Mh(r) (λS , AP )
+ Rp )2 λP T ⌉.
⌊πRp2 λP T ⌉ < η ≤ ⌊π(
2

TCm (Υ) = TPm (Υ) + TSm (Υ)

M
∑

(Mh(r) (λS , AP ) + rs ).

m=0

Moreover, according to the spatial independence of Poisson Point
Process, Mh(r) (λS , AP ) is an i.i.d. random variable. As d(u, v)
goes to ∞, the number of clusters M in Υ also goes to ∞. Then

β0η

Then the proof of Theorem 4 is finished. However, we fail to
give a tight upper bound of γ(λS , AP ) in subcritical network. But
intuitively γ(λS , AP ) is not ∞. 

6.

IMPACT OF PROPAGATION DELAY ON

γ(λS , AP )
In previous sections, while studying the γ(λS , AP ), we ignored
the propagation delay. However, propagation delay may become
dominant factor in some cases especially when the load of networks
is heavy. In this section, we will consider the impact of propagation delay on γ(λS , AP ). For ease of analysis, we assume that the
propagation delays τ is the same for different links. Moreover, we
assume that τ < 1 since propagation delay is relatively small compared to the length of one time slot. Then we present our results on
γ(λS , AP ) as follows:
T HEOREM 5. Given a BM Network Gt (λS ; h(r); AP ) with node density λS > λc (h(r)), its γ(λS , AP ) satisfies:
(i) γ(λS , AP ) = κτ if λP T < λ∗P T (λS );
(ii) if λP T > λ∗P T (λS ),
γ(λS , AP ) = κ · (

1 − β0ψ
β0ψ

+ τ)

T HEOREM 6. For a RCM Network Gt (λS ;f (r);AP ) with λS
> λc (f (r)), the conclusion on γ(λS , AP ) in Theorem 5 still holds.
T HEOREM 7. For a BM Network Gt (λS ;h(r);AP ), with density λc (h(r))
< λS < λc (h(r)), we have:
R2
γ(λS , AP ) ≥

1
β0η · E[min{Mh(r) (λS , AP ),

rs
}
τ

+ rs ]

,

When λP T < λ∗P T (λS ), the secondary network will be com0
supercritical, which implies that CO
still contains infinite secondary
nodes, i.e. the unique infinite connected component CO still exists,
in spite of the activities of primary network. However, CO is broken
into mutually disconnected finite clusters when λP T > λ∗P T (λS ).
In Figure 5, simulation result shows that the critical primary density
λ∗P T (2.4) ≈ 0.03.

where η is a constant satisfying

1.2
1

2

+ Rp ) λP T ⌉.
2

P ROOF. It is clear than E[Tp (lk )] = τ , then item (i) of Theorem 5 can be proved using Lemma 3. Item (ii) is also straightforward. We can obtain it by simply adding a constant τ in the results
of Theorem 2.
The proof of Theorem 7 is similar to that of Theorem 4. The only
difference is the constraint on the physical size of Mh(r) (λS , AP ).
The largest range of one connected cluster is less than rτs since the
largest distance that the message can be forwarded is rτs in one slot,.
Therefore, the cluster size is min{Mh(r) (λS , AP ), rτs }. Then we
have:
∥um+1 − um ∥ ≤ ∥um − wm ∥ + ∥um+1 − wm ∥
rs
≤ min{Mh(r) (λS , AP ), } + rs .
τ
By iteration of this inequalities, we obtain
d(u, v) ≤

M
−1
∑

∥um+1 − um ∥ + ∥uM − v∥

m=0

≤

M
∑

(min{Mh(r) (λS , AP ),

m=0

rs
} + rs ).
τ

Using the same method in previous section, we immediately get
γ(λS , AP ) =
≥

TP (Υ) + TS (Υ)
d(u, v)
1
β0η · E[min{Mh(r) (λS , AP ),

Fitting line
BM model

0.9

rs
}
τ

+ rs ]

.

0.8
0.7
0.6
0.5
0.4
0.3

12

Our simulation parameters are rs = 1.40, Rp = 2.87. Since primary users tend to use continuous slots to finish transmission, we
set p11 = 0.75 and p00 = 0.9. PP T (t), PP R (t) and PS (t) are distributed in a square [-20,20]×[-20,20] according to homogeneous
Poisson Point Process.
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Figure 4: Critical density of
secondary user for percolation in BM and RCM model:
λc (h(r)), λc (f (r)). We can
see that λc (h(r)) ≈ 1.03 and
λc (f (r)) ≈ 1.63. The tail in
the figure is due to the finiteness of simulation.

Figure 5: Critical density of
primary user for percolation:
λ∗P T (λS ). It is clear that when
λP T > 0.03, the infinite connected component CO is broken
into mutually disconnected finite clusters almost surly.

According to Lemma 2, ψ is a constant that features the number
of primary users within the interfered region I(lk ). In Figure 6, we
study ψ of two hundred links in one path and the simulation result
shows that ψ ≈ 3, well between the lower and upper bound given
in Equation (4).
In Lemma 3, we show that κ, describing the scaling behavior of
hops number in one path, is a constant independent on λS . From
Figure 7, we can see κ ≈ 0.79 for both BM and RCM model,
which also verifies our Lemma 5. Note that when λS is small, κ
is relatively large. This is due to that Lemma 3 holds only when
the network is supercritical. For the subcritical network (λS is less
than critical density), κ may not be a constant.
10
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Figure 6: Average number of
primary transmitters in interfered region I(lk ): ψ. Given
λP T = 0.09375, it is clear that
ψ is a constant and ψ ≈ 3.

Ratio of hops number to distance

Number of PUs within interferenced region

In this section, we will present simulation results to verify our
theoretical analysis of γ(λS , AP ). To begin with, we study the
three critical densities for percolation, λc (h(r)), λc (f (r)), and
λ∗P T (λS ). Then we investigate the two constants ψ and κ, which
have been defined in Equation (4) and Lemma 3, respectively. Finally, we present the simulation results of γ(λS , AP ) in Theorems
2 and 3. However, due to the space limitation, we neglect the simulation for Theorem 4 and the impact of propagation delay.
According to continuum percolation theory, there exists a phase
0
transition in their connectivity property: CO
has infinite nodes when
λS > λc (h(r)). Our simulation results verified the phase transition of secondary network in both BM and RCM model. In Figure
4, we can conclude that λc (h(r)) ≈ 1.03 and λc (f (r)) ≈ 1.63.
The presence of a tail in the result is due to the finiteness of simulation process.12 Lemma 1 is also verified by the simulation result.

0.8

0.2

Then the proof of Theorem 7 is finished.

7. SIMULATIONS

Simulation data
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< η ≤ ⌊π(
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Figure 7: Ratio of hops number
to distance in one path: κ. It is
clear that κ is a constant independent on λS in supercritical
network.

Now we are ready to present the simulation results for γ(λS , AP ).
In Figure 8, it is clear that γ(λS , AP ) converges to a constant when distance is sufficiently large. The simulation parameters are
λS = 2.4, λP T = 0.035 and the corresponding ψ ≈ 1. According
to Theorem 2, we have γ(λS , AP ) ≈ 0.316, which is roughly the
same as our simulation result. Figure 9 illustrates the γ(λS , AP )
for different λP T . Simulation results also fit our analysis well.

per. Our future works hope to find the capacity and delay tradeoff
in CR networks.
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Figure 8: Illustration for Theorem 2. It is true that γ(λS , AP )
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8. CONCLUSION AND DISCUSSION
In this paper, we have studied the transmission delay in large
scale ad hoc CR networks by analyzing the ratio of delay to distance γ(λS , AP ) as the distance goes to infinite. γ(λS , AP ) in
three criteria of CR networks have been investigated, among which
we present exact value of γ(λS , AP ) in both supercritical BM and
RCM networks and a lower bound of γ(λS , AP ) in subcritical BM network. We proved that for com-supercritical CR networks,
γ(λS , AP ) = 0, and γ(λS , AP ) = κ ·

ψ

1−β0
ψ
β0

for both the top-

supercritical Gt (λS ;h(r);AP ) and Gt (λS ;f (r);AP ). Moreover,
we showed γ(λS , AP ) > β η ·E[M 1(λ ,A )+r ] in the subcriti0

h(r)

S

P

s

cal network Gt (λS ;h(r);AP ). Finally, we use simulation results to
verify our theoretical analysis.
As to the future work, one of the main challenges is analyzing
γ(λS , AP ) in subcritical RCM network. Because we have to prove
that the message can also have a probability to be forwarded in
a subcritical RCM network under mobility models, which needs
more intensive and in-depth study of continuum percolation theory. Furthermore, we hope to find a more precise description of
γ(λS , AP ) in subcritical BM network in our future works. Finally,
network capacity or throughput has not been discussed in this pa-
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