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Abstract—In this paper, we exploit a novel setting for Cognitive
Radio (CR) networks to enable multiple operators to involve
secondary users (SUs) as cooperative relays for their primary
users. In return, SUs get an opportunity to access spare channels
for their own data transmission. Initially, we assume that the
CR network supports payment transfer. Then, we formulate the
system as a transferable utility coalitional game. We show that
there is an operating point that maximizes the sum utility over
all operators and SUs while providing each player a share such
that no subset of operators and SUs has an incentive to break
away from the grand coalition. Such operating points exist when
the solution set of the game, the core, is nonempty. Subsequently,
we examine an interesting scenario where there is no payment
mechanism in the network. This scenario can be investigated by
using a nontransferable utility coalitional game model. We show
that there exists a joint action to make the core nonempty. A
general method with exponential computational complexity to
get such a joint action is discussed. Then, we relate the core of
this game to a competitive equilibrium of an exchange economy
setting under special situations. As a result, several available
efficient centralized or distributed algorithms in economics can
be employed to compute a member in the core. In a nutshell,
this paper constitutes the design of new coalition based dynamics
that could be used in future CR networks.

Index Terms—Cognitive radio networks, cooperative diversity
transmission, coalitional game, core, exchange economy, compet-
itive equilibrium.

I. INTRODUCTION

IN the past few years, we have witnessed a significant
growth in commercial wireless services. In a recent FCC

report about significant unbalance of spectrum usage, it was
stated that some frequency bands are largely unoccupied most
of the time; whereas others are only partially occupied; the
remaining frequency bands are heavily used [1]. Cognitive
radio or secondary spectrum access has been viewed as a novel
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approach for improving the spectrum utilization by allowing
unlicensed SUs to access licensed spectra.

Facing the challenges brought by the demand in spectrum
availability, cooperative diversity transmissions have also been
proposed as important techniques to take advantage of the
broadcast nature of wireless medium and provide improved
spectrum efficiency. Motivated by cooperative communica-
tions, we know that if SUs serve as cooperative relays for
primary transmissions, the transmissions’ rates can be dra-
matically increased by exploiting cooperative diversity. This
will generate higher revenue for OPs from subscribers/primary
users (PUs). In return, SUs are allowed to access the unoc-
cupied bands of OPs. We call such a scenario as Cooperative
Secondary Spectrum Access (CSSA) in which both the primary
system and the secondary system can increase their own
interest and a win-win situation can be achieved.

In regard to exploiting the cooperation between a primary
system and a secondary system in CR networks, there are only
two existing research articles (to the best of our knowledge)
which considered the scenario where one PU leases its spec-
trum to SUs for a fraction of time and in exchange, it gets
the revenue or the cooperative transmission power from SUs
[2-3]. The authors investigated their models using Stackerberg
games. In such systems, time is exactly a kind of resource and
should be well allocated, i.e., the fraction of time allocated to
the transmissions of SUs will be determined by the negotiation
among game players. The major difference between [2-3]
and our work lies on that our model captures the interaction
between multiple OPs and multiple SUs.

The success of CSSA is however contingent upon develop-
ing a rational basis for the joint cooperative actions/strategies
of OPs and SUs. On one hand, multiple SUs compete with
each other to access the spare bands of multiple OPs. On the
other hand, multiple OPs compete with each other to get the
cooperative transmissions from multiple SUs. Hence, a game-
theoretic analysis is needed for such situations. Coalitional
games proved to be powerful tools for designing fair, robust,
practical and efficient cooperation strategies in different disci-
plines such as economics or political science. The standard
coalitional game techniques [17] defined the fundamental
components of the games. However, many coalitional games
are inherently difficult to solve. In this paper, we apply
coalitional game and economic theories to analyze the network
behavior in CCSA. Using Transferable Utility coalitional (TU)
game theory, we first develop the framework assuming that
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OPs and SUs can share the aggregate payoff arbitrarily. They
form coalitions to achieve their own best payoff in terms of
performance and price. We show that the core of the TU game
is nonempty and a payoff allocation in the core can be obtained
by a dual solution of a convex optimization problem. As a
result, the grand coalition is a stable and optimal solution of
the game.

Undoubtedly, introducing trading/payment mechanisms into
CR networks will involve extra implementation cost. An
interesting direction for CSSA is to study the scenario where
OPs and SUs cannot share the aggregate payoff in any manner
they wish to. Such a situation leads to a Non-Transferable
Utility coalitional (NTU) game model. Furthermore, we show
that the core of the game is non-empty. We discuss a general
method with exponential computational complexity to get an
element in the core. However, under special situations, we can
construct a pure “exchange market” setting that is related to
the resulting game. We show that in this setting, a Competitive
Equilibrium (CE) exists. Consequently, the allocation strategy
of goods in the market setting given by the CE can be
translated into a joint action among OPs and SUs with the
corresponding payoffs in the core.

In summary, we make the following contributions in this
paper:

∙ This work proposes a new spectrum sharing model for CR
networks, which can enable the cooperation between multiple
OPs and multiple SUs. The model is investigated with and
without a payment mechanism.

∙ The system with a payment mechanism is formulated as
a TU game where OPs and SUs can pay charges to each other
to motivate cooperation. We obtain an element in the core of
the game using a dual solution of a convex problem. Indeed,
the analysis identifies the pricing issue for stable and optimal
cooperative strategies of OPs and SUs.

∙ Furthermore, we examine cooperation without payment
transfer using an NTU game. We prove that the core of such
a game is nonempty, and relate the game to an exchange
economy setting. Under special conditions, we show that a
CE of the economy setting corresponds to a payoff allocation
in the core of the NTU game. Then, the method to compute
an element in the core is presented.

∙ Based on the analytical results, the implementation of
CSSA is discussed in detail for each case. Numerical analysis
illustrates how OPs and SUs cooperate to increase their own
interest. In addition, the analysis also shows different solutions
between the TU game and the NTU game.

The remainder of the paper is organized as follows: Sec-
tion II reviews the related research work. Section III describes
the system model. In Section IV, we formulate the TU game
and obtain a solution of the game using a duality technique
of convex optimization. Section V investigates the situation
without payment transfer. An NTU game model is proposed
in this section. Section VI focuses on the computation of the
solution of the NTU game. We discuss the implementation of
CSSA in Section VII, and numerical results are presented in
Section VIII. Finally, we conclude the paper in Section IX.

Operator 1

SU

: Busy band

PU

Operator 2 Operator 3 frequency

   : Spare band Direct link
Cooperative link

PU

Fig. 1. System model.

II. RELATED RESEARCH WORK

Many previous research work in this area addressed issues
of pricing in dynamic spectrum access environments. These
included transmit power auctions which were proposed by
Huang et al. [4]. In [4], bidders use the same spectrum band
but bid transmit power to minimize the interference. Later,
several spectrum trading models were presented by Niyato
and Hossain [5]. Kasbekar et al. [6] formulated a spectrum
auction framework to maximize the auctioneer’s revenue or
the social welfare. Niyato et al. [7] used a non-cooperative
game to analyze the dynamic spectrum trading between multi-
seller and multi-buyer in CR networks. Yu et al. [29] proposed
a pricing based scheme for uplink power control in CR
networks. Wang et al. studied an auction game for spectrum
sharing [30]. Li et al. explored an underground coal mine
monitoring model in wireless sensor networks [31]. However,
all of these attempts did not employ cooperative transmissions.

The survey presented in [8] classified coalitional games
into three categories: canonical coalitional games, coalition
formation games and coalitional graph games. Such a new
classification is intended to provide an application-oriented
approach to coalitional games. The game models used in this
paper belong to the first class which constitutes one of the
most classical types of games. More details on the state-of-
the-art research contributions of different classes of coalitional
games were discussed in [8]. Canonical coalitional games
have been used recently for modeling the cooperation among
nodes in multi-hop networks [9]. Cooperation between single
antenna receivers and transmitters in an interference channel
has been studied by Mathur et al. [10]. Cooperation among
different operators to serve each other’s subscribers in wireless
networks using canonical coalitional game theory has been
investigated by Aram et al. [11], [12]. The specific coalitional
games we consider and the analytical results we obtain in this
paper, significantly differ from those of the above papers.

III. SYSTEM ARCHITECTURE

In this section, we present an overview of the system archi-
tecture of CSSA. As shown in Fig. 1, there is a set of N service
operators and a set of K SUs in the same region. OP 𝑖, 𝑖 ∈ N
has a licensed spectrum which is unbalanced occupied. For
instance, there are overloaded spectrum demands in OFDMA
networks. However, there may be some spare bands in other
mobile networks, e.g., GSM networks. OPs can improve the
throughput in the overloaded spectrum by involving SUs as
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TABLE I
MAIN NOTATIONS

Basic Notations
𝛽𝑚,𝑘 The fraction of time SU 𝑘 uses to assist PU 𝑚.
𝛼𝑗,𝑘 The fraction of time SU 𝑘 gets to access band 𝑗.

Notations in Sections III, IV and V.
𝑥𝑖 The payoff value of OP 𝑖, 𝑖 ∈ N in the TU game.
x x ∈ 𝑅∣S𝑜∣+∣S𝑠∣.

A payoff allocation for coalition S in the TU game.
𝑓𝑖 The payoff value of OP 𝑖, 𝑖 ∈ N in the NTU game.

Notations in Section VI.
𝑗′ The rank number of band 𝑗 in N𝑏.
𝑘′ The rank number of SU 𝑘 in K.

𝑥𝑖 𝑥𝑖 ∈ 𝑅
(∣N𝑏∣+∣K∣)
+ . A resource vector of OP 𝑖, 𝑖 ∈ N.

x x ∈ 𝑅
(∣N∣+∣K∣)(∣N𝑏∣+∣K∣)
+ .

A resource allocation of the economy setting.

cooperative relays. In return, SUs are allowed to access the
spare bands.

Denote the set of the spare bands of OP 𝑖 as B𝑖. Let M𝑖

represent the set of PUs in the overloaded spectrum of OP 𝑖. A
spare band owned by OP 𝑖 can serve SU 𝑘, 𝑘 ∈ K only if both
are in a coalition1. Similarly, an SU can assist the transmission
of a PU only when the SU and the OP associated with this
PU are in a coalition. Before we describe the actions of OPs
and SUs , we first give the definition of a coalition in such a
system.

Definition 1: A coalition S is a subset of players (e.g.,
operators and SUs) that cooperate. For a coalition S, let S𝑜
and S𝑠 represent the set of OPs and SUs in S, respectively.
S𝑏 denotes the set of the spare bands of the OPs in S. S𝑝
represents the set of the PUs associated with the OPs in S.
Denote N ∪ K as the grand coalition consisting of all OPs and
SUs. Accordingly, let N𝑝 be the set of all PUs and N𝑏 be the
set of all spare bands. Throughout the paper, we use symbol
∣.∣ to mean the cardinality of a set.

A. Cooperative secondary spectrum access

We assume that no PUs have access to the same frequency
band. The bandwidth of the channel assigned to each PU is
assumed to be “one”. In this paper, we assume that SUs/relays
and PUs use a fixed transmission power 𝑃 . Let 𝛿2𝑣 represent
the noise level at each receiver. Without the cooperation
from relays, the direct transmission data rate of PU 𝑚 is
𝐼𝑚 = log

(
1+ 𝑃

𝛿2𝑣
∣𝑔𝑚∣

)
, where 𝑔𝑚 is the channel gain between

PU 𝑚 and the access point of its OP. Each OP in coalition
S selects several SUs from S𝑠 to relay signals for its PUs.
In the following parts of the paper, we employ the non-
orthogonal amplify-and-forward (NAF) cooperation protocol
[13], [15] for the cooperative transmissions. Other protocols
can be considered in a similar way. Assume that the SU(s)
cooperating with PU 𝑚 use(s) the same spectrum assigned to
this PU. Let 𝜌𝑘,𝑚 denote the amplify factor of SU 𝑘 for PU

𝑚. According to [13], [14], 𝜌𝑘,𝑚 =
√

𝑃
𝑃 ∣ℎ𝑖,𝑘∣2+𝛿2𝑘

where ℎ𝑖,𝑘

is the channel gain between OP 𝑖 and relay/SU 𝑘. 𝛿2𝑘 is the

1A coalitional model is distinguished from a noncooperative model mainly
by its focus on what groups of players can achieve rather than what individual
players can do.
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Fig. 2. Cooperative Secondary Spectrum Access.

noise power at SU 𝑘. We denote the data rate increase of PU
𝑚 with the cooperation from relay/SU 𝑘 as 𝐼𝑘,𝑚.

Suppose that one SU assists the transmission of at most
one PU at a given time. In one unit of time2, let 𝛽𝑚,𝑘 ∈ [0, 1]
denote the fraction of time SU 𝑘, 𝑘 ∈ S𝑠 uses to assist the
transmission of PU 𝑚,𝑚 ∈ S𝑝. Then, the data rate increase
of PU 𝑚 in coalition S is 𝑦′𝑚 =

∑
𝑘∈S𝑠

𝛽𝑚,𝑘𝐼𝑘,𝑚. Thus, the
throughput increase of OP 𝑖 in coalition S is:

𝑦𝑖 =
∑

𝑚∈M𝑖

𝑦′𝑚

Each OP licenses certain frequency bands. Thus, a spare
band is licensed by at most one OP. We assume that no two
SUs in a vicinity are assigned to the same spare band at a given
time. When SU 𝑘, 𝑘 ∈ S𝑠 accesses band 𝑗, it receives a rate
𝑅𝑗,𝑘 which depends on the location of SU 𝑘 and the channel
gain of frequency band 𝑗. For coalition S, let 𝛼𝑗,𝑘 ∈ [0, 1]
denote the fraction of time SU 𝑘 gets to access band 𝑗, 𝑗 ∈ S𝑏.
Figure 2 presents an example for the CSSA. The total access
rate achieved by SU 𝑘 in one unit of time is:

𝑟𝑘 =
∑
𝑗∈S𝑏

𝛼𝑗,𝑘𝑅𝑗,𝑘.

The fraction of the access time SU 𝑘 uses to access band 𝑗
is 𝑤′

𝑗 =
∑

𝑘∈S𝑠
𝛼𝑗,𝑘. The expected cost of an OP depends on

the total fraction of the access time it provides to SUs, which
can be represented as:

𝑤𝑖 =
∑
𝑗∈B𝑖

𝑤′
𝑗 .

The total energy consumption of SU 𝑘 serving as relays in
coalition S is:

𝑒𝑘 =
∑
𝑚∈S𝑝

1

2
𝛽𝑚,𝑘𝑃,

where 1/2 is due to the half of transmission time of the
cooperative protocol. The main notations of this paper are
shown in Table I. Throughout the paper, we assume that each
SU has a half-duplex constraint. At a given time, an SU either
works in relay or access mode, but not both.

2We assume that OPs and SUs perform cooperation in one unit time,
and the network topology and channel conditions do not change during the
cooperation.
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B. Utility functions and problem description

Each PU pays its OP with a fixed charging policy (i.e.,
according to the QoS of the PU). Thus, with the increase
of data rates of PUs, OP 𝑖 generates a throughput gain of
𝑈+
𝑖 (𝑦𝑖) where 𝑈+

𝑖 (.) is a concave increasing function and
reflects the aggregate satisfaction of the PUs subscribed to OP
𝑖. For example, utility functions can be linear, i.e., 𝑈+

𝑖 (𝑦𝑖) =
𝑦𝑖. OP 𝑖 incurs cost when SUs access its channels. We define
the cost as a function 𝑈−

𝑖 (.) of 𝑤𝑖. Specifically, the secondary
access cost of OP 𝑖 in coalition S is 𝑈−

𝑖 (𝑤𝑖) where 𝑈−
𝑖 (.)

is an increasing convex function. Then, the utility evaluation
of OP 𝑖 is 𝑈+

𝑖 (𝑦𝑖) − 𝑈−
𝑖 (𝑤𝑖). The access rate gain of SU

𝑘 can be evaluated by a function 𝐺+
𝑘 (.) where 𝐺+

𝑘 (.) is an
increasing concave function. SUs could be mobile users and
may be sensitive to energy conditions. Thus, we define the
total energy cost of SU 𝑘 serving as relays in a coalition as
𝐺−
𝑘 (𝑒𝑘) where 𝐺−

𝑘 (.) is an increasing convex function. Hence,
the utility evaluation of SU 𝑘 is the access rate gain reduced by
the energy cost, 𝐺+

𝑘 (𝑟𝑘) −𝐺−
𝑘 (𝑒𝑘). A similar utility function

has been employed in [2] where the energy cost function of
an SU is a linear function.

In spectrum trading, pricing is a key issue of interest to
primary service providers (i.e., spectrum owners) as well as
to SUs. In a CR network, pricing model for spectrum sharing
depends on the objective of spectrum trading, and therefore,
the behaviors of spectrum sellers and spectrum buyers [5]. In
some spectrum trading models (e.g.,[6-9]), the utility function
of an SU was often defined to be its achievable rate in
equivalent revenue format minus the payment it makes for
the primary user or the spectrum owner. For CSSA, we also
presume that the utility evaluation of each OP or SU is in
equivalent revenue format. Then, when the system supports
a trading mechanism, OPs and SUs will form cooperative
groups/coalitions to achieve their own best payoff in terms of
utility evaluations and the payment they obtain or pay. Hence,
the utility of SU 𝑘 in a coalition is:

𝐺+
𝑘 (𝑟𝑘) −𝐺−

𝑘 (𝑒𝑘) ± 𝑝𝑘,

where ±𝑝𝑘 represents the payment SU 𝑘 obtains or pays in
the coalition, and can be transferred between OPs and SUs.
Note that the utility evaluation of each player defined here is
not transferable, and is exactly determined by the cooperative
strategies of all players in the coalition. For the NTU model,
±𝑝𝑘 always equals zero. Similarly, the utility of OP 𝑖 in a
coalition is:

𝑈+
𝑖 (𝑦𝑖) − 𝑈−

𝑖 (𝑤𝑖) ± 𝑝𝑖.

Every commercial OP or SU is a selfish entity that seeks
to maximize the individual payoff. Therefore, OPs and SUs
will form a coalition only when this increases their own pay-
off. However, implementing coalition based dynamics faces
several challenges such as adequate modeling, efficiency,
complexity and fairness. Using tools from coalitional game
and economic theories, this paper is intended to develop
techniques to study the network behavior in CSSA, and design
new dynamics for CR networks.

IV. TU GAME FORMULATION AND SOLUTION

In this section, we model CSSA with payment transfer as
a TU game. We prove that such a game has a nonempty core
and propose a payoff sharing strategy for the game. Generally
speaking, a TU game consists of a set of players and a function
𝑣(.) that associates with every nonempty subset of players a
real number. The TU property implies that the total utility
specified by this real number can be divided in any manner
between the coalition members. The game is fully defined
once the set of coalitions and the function 𝑣(.) are specified.
The coalition values can be thought of as monetary values that
the members in the coalition can distribute among themselves
using an appropriate rule [17]. Thus, TU games have also been
used to analyze market models. For example, [18] formulated
a TU game for a market in which some units (e.g., houses,
cars, etc.) are exchanged for money.

The analysis in this section also provides a market per-
spective: when the stable and optimal cooperative structure is
formed, the payment each OP or SU obtains/pays associated
with this structure will be determined. There are two kinds of
players (OPs and SUs) in CSSA. A coalition including only
OPs or SUs produce no valuable output. We define 𝑣(S) in
CSSA as the maximum utility generated by the OPs and SUs
in S. Note that, the value of coalition S does not depend on
the actions of the OPs or SUs in N ∪ K ∖ S. The following
convex optimization problem returns 𝑣(S) for any coalition
S ⊆ N ∪ K if feasible, else 𝑣(S) = −∞.

P(S): Maximize:
∑
𝑖∈S𝑜

(
𝑈+
𝑖 (𝑦𝑖)−𝑈−

𝑖 (𝑤𝑖)
)

+
∑
𝑘∈S𝑠

(
𝐺+
𝑘 (𝑟𝑘)−

𝐺−
𝑘 (𝑒𝑘)

)

Subject to:
(1) 𝑦′𝑚 =

∑
𝑘∈S𝑠

𝛽𝑚,𝑘𝐼𝑘,𝑚, 𝑚 ∈ S𝑝.
(2) 𝑤′

𝑗 =
∑

𝑘∈S𝑠
𝛼𝑗,𝑘, 𝑗 ∈ S𝑏.

(3) 𝑟𝑘 =
∑

𝑗∈S𝑏
𝛼𝑗,𝑘𝑅𝑗,𝑘, 𝑘 ∈ S𝑠.

(4) 𝑒𝑘 =
∑

𝑚∈S𝑝

1
2𝛽𝑚,𝑘𝑃, 𝑘 ∈ S𝑠.

(5)
∑

𝑘∈S𝑠
𝛼𝑗,𝑘 ≤ 1, 𝑗 ∈ S𝑏.

(6)
∑

𝑘∈S𝑠
𝛽𝑚,𝑘 ≤ 1, 𝑚 ∈ S𝑝.

(7)
∑

𝑚∈S𝑝
𝛽𝑚,𝑘 +

∑
𝑗∈S𝑏

𝛼𝑗,𝑘 ≤ 1, 𝑘 ∈ S𝑠.
(8)𝛼𝑗,𝑘, 𝛽𝑚,𝑘, 𝑦

′
𝑚, 𝑤

′
𝑗 , 𝑟𝑘, 𝑒𝑘 ≥ 0, 𝑘 ∈ S𝑠, 𝑗 ∈ S𝑏,𝑚 ∈ S𝑝.

To make the resource allocation feasible in a coalition, in
one unit of time, the total fraction of time that the SUs in
coalition S gets to access a spare band is below 1, which is
ensured by constraint (5). Constraint (6) means that the total
fraction of time all SUs in the coalition uses to cooperate
with a PU should be below 1. Constraint (7) guarantees that
each SU works in relay or access mode, but not both at a given
time. Constraint (8) is trivial. Any allocation {𝛽𝑚,𝑘, 𝛼𝑗,𝑘,𝑚 ∈
S𝑝, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠} that satisfies (5)-(8) is called a feasible
joint action of coalition S.

We now elucidate 𝑣(𝑆) and how cooperation can be formed
between OPs and SUs using a simple example.
Example 1: Let N = {𝑎, 𝑏}, each OP has one PU and one
spare channel. There are two SUs K = {1, 2} in the network.
Let 𝑗 = 1 be the spare channel of OP 𝑎 and 𝑗 = 2 be the spare
channel of OP 𝑏. Let 𝑚 = 1 represent the PU of OP 𝑎 and𝑚 =
2 represent the PU of OP 𝑏. The transmission power 𝑃 = 1.
The utility functions are set to be linear functions: 𝑈+

𝑖 (𝑦𝑖) =
𝑦𝑖, 𝐺

+
𝑘 (𝑟𝑘) = 𝑟𝑘, 𝑈

−
𝑖 (𝑤𝑖) = 0.5×𝑤𝑖 and 𝐺−

𝑘 (𝑒𝑘) = 0.5×𝑒𝑘.
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2,1R1,2R 2,2R
1,2I

2,1I
2,2I

Cooperative transmission
Access the spare band

Fig. 3. An example to elucidate 𝑣(S) and how cooperation can be formed.

Assume that the access data rates of the SUs are 𝑅1,1 = 4,
𝑅1,2 = 5, 𝑅2,1 = 4, 𝑅2,2 = 3, and the throughput increases
of the OPs are 𝐼1,1 = 3, 𝐼1,2 = 2, 𝐼2,1 = 6, 𝐼2,2 = 5 as
shown in Fig. 3. Clearly, when OP 𝑎 or 𝑏 does not cooperate
with SUs, it obtains a zero payoff. The same argument holds
for SUs. Thus, only cooperative coalitions have the potential
to generate positive payoffs. Consider a coalition {𝑎, 1}, the
optimal solution of P({𝑎, 1}) which defines the coalition value
results in an aggregate payoff of 𝑅1,1 − 0.5. Assume that
there is a payoff sharing strategy dividing 𝑅1,1 − 0.5 into
(𝑅1,1−0.5)/2 for OP 𝑎 and SU 1. In other words, the revenue
OP 𝑎 obtained is (𝑅1,1 − 0.5)/2.

Now, we consider the grand coalition {𝑎, 𝑏, 1, 2}. The
optimal solution of P({𝑎, 𝑏, 1, 2}) assigns channel 2 to SU
1, and assigns SU 2 to PU 1 as the relay. Then, the coalition
value is 𝑅1,2 − 0.5 + 𝐼2,1 − 0.5. This is socially desirable,
since this coalition leads the maximum aggregate payoff in
the system. However, if both OP 𝑎 and SU 1 receive a payoff
less than (𝑅1,1 − 0.5)/2, they will split from {𝑎, 𝑏, 1, 2} and
form {𝑎, 1}. Thus, a payoff sharing strategy is required to
ensure the stability of the socially desirable result. □

Next, we introduce a solution concept for coalitional games
known as core [16]. The idea behind the core of a cooperative
game is analogous to that behind a Nash equilibrium of a
noncooperative game: an outcome is stable if no deviation
is profitable. That is, if a subset of OPs and SUs separates
from the grand coalition then, irrespective of the manner in
which the subset shares the aggregate payoff it generates after
separating, at least one OP or SU is worse off. Formally, its
definition is:

Definition 2: The core of CSSA TU game is the set of
feasible payoff allocations:

C =
{
x ∈ 𝑅∣N∣+∣K∣ :

∑
𝑖∈N

𝑥𝑖 +
∑
𝑘∈K

𝑥𝑘 = 𝑣(N ∪ K),

∑
𝑖∈S𝑜

𝑥𝑖 +
∑
𝑘∈S𝑠

𝑥𝑘 ≥ 𝑣(S), ∀S ⊂ (N ∪ K)
}
.

This definition also means that there is no payoff vector y
for a coalition S ⊂ N ∪ K to make 𝑦𝑖 > 𝑥𝑖 for all 𝑖 ∈ S𝑜,
or 𝑦𝑘 > 𝑥𝑘 for all 𝑘 ∈ S𝑠. Thus, no subgroup will separate
from the grand coalition. To verify this, let OPs and SUs form
the grand coalition and share the aggregate revenue 𝑣(N∪K)
as per an imputation x, x ∈ C. Suppose that a group of OPs
and SUs (a coalition S) separates from the grand coalition and

shares the aggregate payoff 𝑣(S) as per z. Now, if 𝑧𝑖 ≤ 𝑥𝑖
or 𝑧𝑘 ≤ 𝑥𝑘 for 𝑖 ∈ S𝑜 and 𝑘 ∈ S𝑠, they have no incentive to
separate from the grand coalition. Thus, 𝑧𝑖 > 𝑥𝑖, 𝑧𝑘 > 𝑥𝑘 for
all 𝑖 ∈ S𝑜, 𝑘 ∈ S𝑠. Clearly,

∑
𝑖∈S𝑜

𝑧𝑖 +
∑

𝑘∈S𝑠
𝑧𝑘 = 𝑣(S) >∑

𝑖∈S𝑜
𝑥𝑖 +

∑
𝑘∈S𝑠

𝑥𝑘. This leads to a contradiction, since
x ∈ C.

In the following, using the duality technique [19], we show
that the game has a nonempty core, and get an element in
it. For a coalition S, let 𝜆, 𝜋 ∈ 𝑅∣S𝑏∣, 𝜇, 𝛿 ∈ 𝑅∣S𝑝∣, 𝜂, 𝛾, 𝜏 ∈
𝑅∣S𝑠∣. Define:
𝑓𝑖(𝛿, 𝜋) = max

𝑦′
𝑚≥0,𝑤′

𝑗≥0
𝑚∈M𝑖,𝑗∈B𝑖

(
𝑈+
𝑖 (𝑦𝑖) − 𝑈−

𝑖 (𝑤𝑖) +
∑

𝑚∈M𝑖

𝛿𝑚𝑦𝑚 +

∑
𝑗∈B𝑖

𝜋𝑗𝑤𝑗

)
.

𝑔𝑘(𝛾, 𝜏) = max
𝑟𝑘≥0,𝑒𝑘≥0

𝑘∈S𝑘

(
𝐺+
𝑘 (𝑟𝑘) −𝐺−

𝑘 (𝑒𝑘) + 𝛾𝑘𝑟𝑘 + 𝜏𝑘𝑒𝑘

)
.

Then, we have the following as a dual problem of P(S).

D(S): Minimize:
∑
𝑖∈S𝑜

(
𝑓𝑖(𝛿, 𝜋) +

∑
𝑗∈B𝑖

𝜆𝑗 +
∑

𝑚∈M𝑖

𝜇𝑚

)
+

∑
𝑘∈S𝑠

(
𝑔𝑘(𝛾, 𝜏) + 𝜂𝑘

)
.

Subject to:
1) 𝜋𝑗 + 𝛾𝑘𝑅𝑗,𝑘 + 𝜂𝑘 + 𝜆𝑗 ≥ 0, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠.
2) 1

2𝜏𝑘𝑃 + 𝛿𝑚𝐼𝑚,𝑘 + 𝜂𝑘 + 𝜇𝑚 ≥ 0, 𝑘 ∈ S𝑠,𝑚 ∈ S𝑝.
3) 𝜏𝑘 ≥ 0, 𝜂𝑘 ≥ 0, 𝛾𝑘 ≥ 0, 𝑘 ∈ S𝑠.
4) 𝜆𝑗 , 𝜋𝑗 ≥ 0, 𝑗 ∈ S𝑏. 5) 𝛿𝑚 ≥ 0, 𝜇𝑚 ≥ 0,𝑚 ∈ S𝑝.
Formulate D(N ∪ K) by appropriately defining vectors

𝜆, 𝜋, 𝛿, 𝜇, 𝜂, 𝛾, and 𝜏 . Denote D as the set of optimal solutions
of D(N ∪ K). Then, define:

O =
{
x∗ ∈ 𝑅∣N∣+∣K∣ :

𝑥∗𝑖 = 𝑓𝑖(𝛿
∗, 𝜋∗) +

∑
𝑗∈B𝑖

𝜆∗𝑗 +
∑
𝑚∈M𝑖

𝜇𝑚, 𝑖 ∈ N

𝑥∗𝑘 = 𝑔𝑘(𝛾∗, 𝜏∗) + 𝜂∗𝑘, 𝑘 ∈ K,

for some (𝛿∗, 𝜋∗, 𝜆∗, 𝜇∗, 𝛾∗, 𝜏∗, 𝜂∗) ∈ D
}
.

(1)

Once O has been constructed, we have the following claim.
Theorem 1: The core of the coalitional game < N∪K, 𝑣 >

with transferable utility is nonempty. And, O ⊆ C.
Proof: Clearly, D ∕= ∅. Thus, O ∕= ∅. We next show that

for an arbitrary x∗ ∈ O,x∗ ∈ C. We consider an arbitrary
x∗ ∈ O corresponding to (𝛿∗, 𝜋∗, 𝜆∗, 𝜇∗, 𝛾∗, 𝜏∗, 𝜂∗) ∈ D.
Then,

∑
𝑖∈N 𝑥

∗
𝑖 +

∑
𝑘∈K 𝑥∗𝑘 is the optimal value of the

objective function of D(N ∪ K). Due to that 𝑈+
𝑖 (.) and

𝐺+
𝑘 (.) are concave functions, 𝑈−

𝑖 (.) and 𝐺−
𝑘 (.) are convex

functions, thus the objective function of the problem P(S) is
a concave function. Also, the constraints of P(S) are linear.
Then, the dual gap is zero [19]. Thus, we can conclude
that

∑
𝑖∈N 𝑥∗𝑖 +

∑
𝑘∈K 𝑥∗𝑘 = 𝑣(N ∪ K). According to the

definition of the core, we now only need to show that∑
𝑖∈S𝑜

𝑥∗𝑖 +
∑

𝑘∈S𝑠
𝑥∗𝑘 ≥ 𝑣(S) for each S ⊂ N ∪ K.

By the strong duality, 𝑣(S) equals the optimal value
of the objective function of D(S). The sub-vectors
(𝛿𝑆 , 𝜋𝑆 , 𝜆𝑆 , 𝜇𝑆 , 𝛾𝑆 , 𝜏𝑆 , 𝜂𝑆) consisting of the components of
(𝛿∗, 𝜋∗, 𝜆∗, 𝜇∗, 𝛾∗, 𝜏∗, 𝜂∗) in S, satisfy the constraints of D(S).
Then,

∑
𝑖∈S𝑜

𝑥∗𝑖 +
∑

𝑘∈S𝑠
𝑥∗𝑘 is the value of the objective

function of D(S) with such variables. The optimum value of
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the objective function of D(S) is a lower bound of
∑

𝑖∈S𝑜
𝑥∗𝑖

+
∑

𝑘∈S𝑠
𝑥∗𝑘. Thus, we can conclude that x∗ ∈ C.

The above analysis provides the following insights. First,
the solution of P(N ∪ K) defines the maximum cooperative
profit of the system. Nevertheless, the utility evaluations of
OPs or SUs directly derive from such a solution cannot ensure
a stable and optimal coalition. Second, the set O determined
by the dual solution of P(N ∪ K) constitutes a set of payoff
vectors for the stable and optimal cooperative structure. Third,
an OP/SU’s payoff value specified by a payoff vector in O
equals its utility evaluation reduced by the payment it is
charged, or plus the revenue it obtains. Finally, the payment
transfer in a coalition does not change the coalition value.
Indeed, the analysis identified the pricing issue to motivate the
optimal cooperation in the system and it was for the reason of
payment transfer, one can get the stable and optimum solution
of the TU game.

Shapley et al. [18] proposed two-sided assignment games
and showed that the core of such games can be defined by
the dual set of the linear optimization program. In [11], Aram
et al. used the duality technique to solve a coalitional game
which modeled the cooperation between base stations. Note
that the structure of the optimization we considered is distinct
from that of the above problems.

V. NON-TRANSFERABLE PAYOFF COALITION GAME

FORMULATION

If the system does not support payment transfer, CSSA can
be modeled as an NTU game in which each coalition S is
characterized by a set 𝑉 (S). Let 𝐴(S) denote the feasible joint
action space of OPs and SUs in coalition S (all joint actions
{𝛼𝑆𝑗,𝑘, 𝛽𝑆𝑚,𝑘, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠,𝑚 ∈ S𝑝} satisfying the constraints
of P(S)). For a joint action 𝑎𝑆 ∈ 𝐴(S), we define 𝐹𝑆

𝑖 (𝑎𝑆) =
𝑈+
𝑖 (𝑦𝑖) − 𝑈−

𝑖 (𝑤𝑖) as the payoff value OP 𝑖 generates with
𝑎𝑆 . Similarly, 𝐹𝑆

𝑘 (𝑎) = 𝐺+
𝑘 (𝑟𝑘)−𝐺−

𝑘 (𝑒𝑘) is the payoff value
SU 𝑘 generates with 𝑎𝑆 . Let 𝐹𝑆(𝑎𝑆) be a payoff vector for
all OPs and SUs in S. Then, 𝑉 (S) is defined as:

𝑉 (S) =
{
f ∈ 𝑅∣S𝑜∣+∣S𝑠∣ : ∃z ∈ 𝑅∣S𝑜∣+∣S𝑠∣, z ≥ f ,

z = 𝐹𝑆(𝑎𝑆) for some 𝑎𝑆 ∈ 𝐴(S)
}
.

(2)

In other words, 𝑉 (S) contains all payoff vectors that are
less than or equal to at least one payoff vector generated by a
feasible joint action. Any f ∈ 𝑉 (S) is called a feasible payoff
vector. Note that, without utility transfer, payoff allocations
in a coalition shall be exactly decided by the feasible joint
actions. Next, the stage is set for the following definition for
the solution of the game. The core of CSSA NTU game is:

C𝑁𝑇𝑈 =
{
f ∈ 𝑉 (N ∪ K) : ∀ S, ∄ z ∈ 𝑉 (S) such that

𝑧𝑖 > 𝑓𝑖 or 𝑧𝑘 > 𝑓𝑘, ∀𝑖 ∈ S𝑜, 𝑘 ∈ S𝑠

}
.

(3)

The payoff allocations in the core of the NTU game are also
socially desirable, since the grand coalition has the potential
to achieve higher efficiency. We now proceed to show that the
core of CSSA NTU game (N ∪ K, 𝑉 ) is nonempty.

Definition 3: A collection of coalitions 𝐼 ⊂ 2N∪K is called
balanced if there exist nonnegative weights 𝜆𝑆 , S ∈ 𝐼 such

that:

∑
S∈𝐼:𝑖∈S𝑜

𝜆𝑆 = 1, ∀ 𝑖 ∈ N,
∑

S∈𝐼:𝑘∈S𝑠

𝜆𝑆 = 1, ∀ 𝑘 ∈ K,

where S ∈ 𝐼 : 𝑖 ∈ S𝑜 means the coalitions in 𝐼 , each contain-
ing OP 𝑖. The concept of balanced collection is quite obscure
and it is useful to examine an example.

Example 2: Let N = {𝑎, 𝑏}, K = {𝑐, 𝑑}. Then, 𝐼 =
{{𝑎, 𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}} is a balanced collection, since
there exist balancing weights 𝜆𝑆 = 1

2 , ∀S ∈ 𝐼 satisfying
definition 3. Obviously, 𝐼 = {{𝑎, 𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}} is not
balanced, because there does not exist 𝜆𝑆 , ∀S ∈ 𝐼 fulfilling
definition 3.

Definition 4: CSSA NTU game is balanced, if for every
balanced collection 𝐼 a vector f = (𝑓𝑖)𝑖∈N∪ (𝑓𝑘)𝑘∈K must be
in 𝑉 (N ∪ K) if f𝑆 ∈ 𝑉 (S) for all S ∈ 𝐼 . 3

The general concept of a balanced game is due to Scarf
[16]. We will make use of the following well known theorem
which holds for any coalitional game.

Theorem 2 [16]: A balanced game always has a nonempty
core.

Based on Theorem 2, we can obtain the following result.

Theorem 3: CSSA NTU game (N∪K, 𝑉 ) is balanced and
hence has a nonempty core.

Proof: Consider a balanced collection 𝐼 . Let (𝜆𝑆 , S ∈
𝐼) be the corresponding nonnegative weights of 𝐼 . Let f ∈
𝑅∣N∣+∣K∣ be a vector with f𝑆 ∈ 𝑉 (S) for each S in 𝐼 . Then,
there exists a joint action {𝛼𝑆𝑗,𝑘, 𝛽𝑆𝑚,𝑘, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠,𝑚 ∈ S𝑝}
for all S ∈ 𝐼 such that:

1) 𝑎𝑆 = {𝛼𝑆𝑗,𝑘, 𝛽𝑆𝑚,𝑘, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠,𝑚 ∈ S𝑝} ∈ 𝐴(S)
satisfies the constraints of P(S), ∀S ∈ 𝐼 .

2) 𝑓𝑖 ≤ 𝑈+
𝑖 (𝑦𝑖)−𝑈−

𝑖 (𝑤𝑖), ∀𝑖 ∈ S𝑜, where 𝑦𝑖 and 𝑤𝑖 corre-
spond to the joint action 𝑎𝑆 . 𝑓𝑘 ≤ 𝐺+

𝑘 (𝑟𝑘)−𝐺−
𝑘 (𝑒𝑘), ∀𝑘 ∈ S𝑠,

where 𝑟𝑘 and 𝑒𝑘 are also determined by 𝑎𝑆 .

Next, if we can show that the payoff vector f ∈ 𝑉 (N∪K),
the game is balanced. Toward this end, we first need to define
a joint action set {𝛼𝑗,𝑘, 𝛽𝑚,𝑘, 𝑗 ∈ N𝑏, 𝑘 ∈ K,𝑚 ∈ N𝑝} over
the grand coalition such as 𝛼𝑗,𝑘 =

∑
S∈𝐼:

𝑘∈S𝑠, 𝑗∈S𝑏

𝜆S𝛼
𝑆
𝑘,𝑗 where

{S ∈ 𝐼 : 𝑘 ∈ S𝑠, 𝑗 ∈ S𝑏} represents the coalitions S in 𝐼 ,
each containing 𝑘 and 𝑗. Similarly, 𝛽𝑚,𝑘 can be defined as
𝛽𝑚,𝑘 =

∑
S∈𝐼:

𝑘∈S𝑠, 𝑚∈S𝑝

𝜆S𝛽
𝑆
𝑚,𝑘.

In what follows, the proof first proceeds by showing that
𝑎N∪K = {𝛼𝑗,𝑘, 𝛽𝑚,𝑘, 𝑗 ∈ N𝑏, 𝑘 ∈ K,𝑚 ∈ N𝑝} ∈ 𝐴(N ∪ K).
That is, 𝑎N∪K is a feasible joint action over N ∪ K. Sub-
sequently, we prove that 𝐹𝑖(𝑎N∪K) ≥ 𝑓𝑖, 𝐹𝑘(𝑎N∪K) ≥ 𝑓𝑘,
for 𝑖 ∈ N, 𝑘 ∈ K. Thus, according to equation (2), we can
conclude that f ∈ 𝑉 (N∪K). The further proof consists of the
following two steps:

Step 1: Prove that 𝑎N∪K satisfies the feasible constraints

3f𝑆 is defined by 𝑓𝑆
𝑖 = 𝑓𝑖, 𝑓𝑆

𝑘 = 𝑓𝑘, 𝑖 ∈ S𝑜, 𝑘 ∈ S𝑠. A vector f ∈
𝑅∣N∣+∣K∣ with f𝑆 ∈ 𝑉 (S) means that for each coalition there is a feasible
joint action 𝑎𝑆 ∈ 𝐴(S) to obtain the vector f𝑆 such that 𝐹𝑆

𝑖 (𝑎𝑆) ≥ 𝑓𝑖, 𝑖 ∈
S𝑜, 𝐹𝑆

𝑘 (𝑎𝑆 ) ≥ 𝑓𝑘, 𝑘 ∈ S𝑠.
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corresponding to the grand coalition.
∑
𝑚∈N𝑝

𝛽𝑚,𝑘 +
∑
𝑗∈N𝑏

𝛼𝑘,𝑗

=
∑
𝑚∈N𝑝

∑
S∈𝐼:

𝑘∈S𝑠,𝑚∈S𝑝

𝜆𝑆𝛽
𝑆
𝑚,𝑘 +

∑
𝑗∈N𝑏

∑
S∈𝐼:

𝑘∈S𝑠,𝑗∈S𝑏

𝜆𝑆𝛼
𝑆
𝑗,𝑘

=
∑

S∈𝐼:𝑘∈S𝑠

(
𝜆𝑆

∑
𝑚∈S𝑝

𝛽𝑆𝑚,𝑘

)
+

∑
S∈𝐼:𝑘∈S𝑠

(
𝜆𝑆

∑
𝑗∈S𝑏

𝛼𝑆𝑘,𝑗

)

=
∑

S∈𝐼:𝑘∈S𝑠

𝜆𝑆

( ∑
𝑚∈S𝑝

𝛽𝑆𝑚,𝑘 +
∑
𝑗∈S𝑏

𝛼𝑆𝑘,𝑗

)

≤
∑

S∈𝐼:𝑘∈S𝑠

𝜆𝑆 = 1.

The first equality results from the definitions of 𝛽𝑚,𝑘 and
𝛼𝑘,𝑗 . The inequality follows by the feasibility of 𝑎𝑆 and
constraint (7) of P(S). Similarly, we can show that constraints
(5) and (6) of P(N ∪ K) are also fulfilled for 𝑎N∪K. Other
constraints are trivial. Thus, the joint action 𝑎N∪K is feasible.

Step 2: We show that 𝑓𝑖 ≤ 𝑈+
𝑖 (𝑦N∪K

𝑖 )−𝑈−
𝑖 (𝑤N∪K

𝑖 ), ∀𝑖 ∈
N, where 𝑦N∪K

𝑖 denotes the throughput increase of OP 𝑖 and
𝑤N∪K
𝑖 denotes the total secondary access time of OP 𝑖. Both of

them correspond to the joint action 𝑎N∪K. Using the definition
of 𝛽𝑚,𝑘 and the fact that

∑
S∈𝐼:𝑚∈S𝑝

𝜆𝑆 = 1, we can get that:

𝑦N∪K
𝑖 =

∑
𝑚∈M𝑖

(∑
𝑘∈K

𝛽𝑚,𝑘𝐼𝑚,𝑘

)

=
∑

𝑚∈M𝑖

(∑
𝑘∈K

∑
S∈𝐼:

𝑘∈S𝑠,𝑚∈S𝑝

𝜆𝑆𝛽
𝑆
𝑚,𝑘𝐼𝑚,𝑘

)

=
∑

𝑚∈M𝑖

∑
S∈𝐼:𝑚∈S𝑝

𝜆𝑆

( ∑
𝑘∈S𝑠

𝛽𝑆𝑚,𝑘𝐼𝑚,𝑘

)

=
∑

𝑚∈M𝑖

∑
S∈𝐼:𝑚∈S𝑝

𝜆𝑆𝑦𝑚 =
∑

S∈𝐼:𝑖∈S𝑜

𝜆𝑆𝑦𝑖.

That is to say that 𝑦N∪K
𝑖 is the convex combination of

{𝑦𝑖, S ∈ 𝐼 : 𝑖 ∈ S𝑜}. Similarly, it is easy to get that
𝑤N∪K
𝑖 =

∑
S∈𝐼:𝑖∈S𝑜

𝜆𝑆𝑤𝑖.
Since 𝑈+

𝑖 (.) is concave and 𝑈−
𝑖 (.) is convex, for OP 𝑖 we

have:

𝑈+
𝑖 (𝑦N∪K

𝑖 ) − 𝑈−
𝑖 (𝑤N∪K

𝑖 ) ≥
∑

S∈𝐼:𝑖∈S𝑜

𝜆𝑆

(
𝑈+
𝑖 (𝑦𝑖) − 𝑈−

𝑖 (𝑤𝑖)
)

=
∑

S∈𝐼:𝑖∈S𝑜

𝜆𝑆𝐹
𝑆
𝑖 (𝑎𝑆) = 𝑓𝑖.

Following the same argument, we can also show that 𝑓𝑘 ≤
𝐺+
𝑘 (𝑧𝑘) − 𝐺−

𝑘 (𝑒𝑘), ∀𝑘 ∈ K. Then, based on steps 1, 2 and
Theorem 2, the core of the game is nonempty.

A resource allocation game has been studied where OPs
can serve each other’s subscribers to achieve their own best
payoff [11]. Following the basic concept of balanced games,
the authors showed that the resulting game has a nonempty
core. Also, a similar idea has been used to investigate the
core solutions of coalitional games in economics. It is worth
noting that the core stability and the balanced conditions are
very restrictive. In many coalitional games, there are no core
solutions. It is usually interesting and meaningful to reveal
that the new sensible coalitional game models are balanced.

As far as CSSA NTU game is concerned, the properties we
considered, i.e., the cooperative diversity transmissions and
two kinds of game players, make our formulation distinct from
previous research work in this area.

VI. COMPUTATION OF A MEMBER IN THE CORE OF NTU
GAME

To implement CSSA, another important issue is to calculate
an element in the core. Scarf [16] first studied the core of a
balanced game. The main result of his work is to derive the
core existence resulting from a constructive algorithm over
balanced games. Note that to compute a payoff profile in the
core using this method, we first have to construct a finite list of
payoff profiles whose size is exponential in parameters of the
network. As a result, the implementation is centralized and the
computational time will be exponential. The interested readers
can refer to [16] [12] for details about such a general method.
In this section, we mainly focus on constructing efficient
algorithms for the special situations where the access costs
of OPs and the cooperative costs of SUs are negligible or
zero. That is 𝑈−

𝑖 (.) ≈ 0, ∀𝑖 ∈ N and 𝐺−
𝑘 (.) ≈ 0, ∀𝑘 ∈ K.

Under the special situations mentioned above, we can
relate CSSA NTU game to an exchange economy setting,
a concept borrowed from microeconomics. Then, we prove
that the competitive equilibrium in the exchange economy
setting, if exists, corresponds to a payoff profile in the core
of CSSA NTU game. Finally, we show that the equilibrium
exists, which can be computed using several available efficient
centralized or distributed algorithms.

A. Exchange economy preliminaries

We first introduce the preliminaries about exchange econ-
omy. An exchange economy consists of: (1) a set of agents
𝒜 (the set of agents), (2) a positive integer ℓ representing the
number of goods, (3) for each agent 𝑙 ∈ 𝒜, an endowment
vector 𝑞𝑙 ∈ 𝑅ℓ

+ such that every component of
∑

𝑙∈𝒜 𝑞𝑙 is
positive, and (4) for each agent 𝑙 ∈ 𝒜, a nondecreasing, con-
tinuous and quasi-concave utility function4 𝑢𝑙(.) : 𝑅ℓ

+ → 𝑅
over the set 𝑅ℓ

+ of bundles of goods.
Goods transfer between the agents, but there is no payoff

that is freely transferable. 𝑞𝑙 is the bundle of goods that agent
𝑙 owns initially. The requirement that every component of∑

𝑙∈𝒜 𝑞𝑙 is positive means that there is a positive quantity
of every good available in the economy. An allocation is a
distribution of the total endowment in the economy among
the agents: a profile (𝑥𝑙)𝑙∈𝒜 with 𝑥𝑙 ∈ 𝑅ℓ

+ for all 𝑙 ∈ 𝒜 and∑
𝑙∈𝒜 𝑥𝑙 =

∑
𝑙∈𝒜 𝑞𝑙. In other words, it is possible to provide

agents with a desired allocation just using the total endowment
of the economy.

Let a vector p = (𝑝1, . . . , 𝑝ℓ) denote the prices of the goods
in the market5. The agents will then try to maximize their own
utility through goods’ exchanges according to the prices given
by p. A competitive equilibrium of an exchange economy is

4A function 𝑢(𝑥) mapping from the reals to the reals is quasi-concave if
for any two points in the domain, say 𝑥1 and 𝑥2, the value of 𝑢(𝑥) on all
points between them satisfies: 𝑢(𝑥) >= min{𝑢(𝑥1), 𝑢(𝑥2)}.

5The price vector does not engage in the exchange economy, it is just
employed to analyze the equilibrium property of an exchange economy.
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Fig. 4. Exchange economy setting for CSSA.

a pair (p∗, (𝑥∗𝑙 )𝑙∈𝒜) consisting of a vector p∗ ∈ 𝑅ℓ
+ with

p∗ ∕= 0 (the price vector), and an allocation (𝑥∗𝑙 )𝑙∈𝒜 such that
for each agent 𝑙 we have:

𝑥∗𝑙 ∈ arg max
𝑥𝑙∈𝑅ℓ

+

𝑢𝑙(𝑥𝑙) subject to p∗ ⋅ 𝑥𝑙 ≤ p∗ ⋅ 𝑞𝑙 , ∀ 𝑙 ∈ 𝒜.

If (p∗, (𝑥∗𝑙 )𝑙∈𝒜) is a competitive equilibrium, then (𝑥∗𝑙 )𝑙∈𝒜
is called a competitive allocation. Note that p∗ ⋅𝑥𝑙 is the value
of agent 𝑙’s allocation after exchanging which clearly cannot
be larger than the value of her endowment (budget constraint).
The equilibrium condition guarantees that the total supply
of every good equals the total demand of it and hence the
market clears. The pioneering equilibrium theorem of Arrow
and Debreu [20] showed that:

Theorem 4 [20]: Every exchange economy defined above
has a Competitive Equilibrium (CE) with the property that the
price vector is strictly positive.

B. CSSA NTU game and exchange economy

Consider CSSA NTU game defined in section VI. Now,
think of OPs and SUs in N ∪ K to be agents in the exchange
economy. Then, there are two kinds of goods in the economy.
The one is the spare channels owned by OPs given in one unit
of time and the other is the cooperative transmissions of SUs
given in one unit of time as well. From the point of each OP,
there are ∣K∣ kinds of choices for cooperative transmissions,
since different SUs/relays engender different data rate gains.
OPs and SUs trade their initial endowments to get what they
need from each other. An example of the exchange economy
setting for CSSA is drawn in Fig. 4.

Recall that the set N𝑏 consists of all spare bands. We array
all spare bands and SUs to form a set T = N𝑏 ∪ K with the
cardinality of ∣N𝑏∣+∣K∣. Now, let 𝑗′ represent the rank number
of band 𝑗 in N𝑏, and let 𝑘′ represent the rank number of SU
𝑘 in K. Denote 𝑡 as the rank number of an SU in T. Hence,
the SU represented by 𝑡 = ∣N𝑏∣+ 𝑘′ refers to the same SU as
𝑘, 𝑘 ∈ K. In the rest of the paper, unless otherwise specified,
𝑡 always equals ∣N𝑏∣ + 𝑘′. Then, we can construct an initial
resource vector q (q ∈ 𝑅ℓ

+, ℓ = ∣N𝑏∣ + ∣K∣) for OPs and SUs
as follows:

∙ For OP 𝑖, 𝑖 ∈ N, let 𝑞𝑗
′
𝑖 = 1 be the fraction of time OP 𝑖

holds for band 𝑗 and 𝑞𝑗
′
𝑖 = 0, otherwise.

∙ Similarly, for SU 𝑘, 𝑘 ∈ K, let 𝑞𝑗
′
𝑘 = 0, since SU

cannot access the spare channels initially. Let 𝑞𝑡𝑘 = 1
be the fraction of time held by SU 𝑘 (includes idle state,

cooperative transmission time and accessing time) and
𝑞𝑡𝑘 = 0, 𝑡 ∕= ∣N𝑏∣ + 𝑘′, otherwise.

We consider an allocation x = (𝑥∗𝑖 )𝑖∈N ∪ (𝑥∗𝑘)𝑘∈K of the
economy setting with an initial resource vector q defined
above. Then, 𝑥𝑖 ∈ 𝑅ℓ

+ and 𝑥𝑘 ∈ 𝑅ℓ
+ determines the allocated

resource for each OP and each SU, respectively. In particular,
𝑥𝑡𝑖 is the fraction of time SU 𝑘 uses to assist primary
transmissions of OP 𝑖. 𝑥𝑗

′
𝑘 represents the fraction of time that

SU 𝑘 obtains to access channel 𝑗. 𝑥𝑡𝑘 means the total faction
of time SU 𝑘 has for accessing or being idle.

Then, SUs’ utilities can be defined as the maximum payoffs
they can obtain through accessing the spare bands, which are
specified by allocation x :

𝑢𝑘(𝑥𝑘) = max
𝛼𝑗,𝑘,𝑗∈N𝑏

𝐺+
𝑘 (𝑟𝑘), 𝑘 ∈ K.

Subject to:
1) 𝑟𝑘 =

∑
𝑗∈N𝑏

𝛼𝑗,𝑘𝑅𝑗,𝑘. 2) 𝛼𝑗,𝑘 ≤ 𝑥𝑗
′
𝑘 , 𝑗 ∈ N𝑏.

3)
∑

𝑗∈N𝑏
𝛼𝑗,𝑘 ≤ 𝑥𝑡𝑘. 4) 𝛼𝑗,𝑘 ≥ 0, 𝑗 ∈ N𝑏.

Clearly, 𝑢𝑘(.) is a nondecreasing, continuous and quasi-
concave function. In order to employ the available efficient
algorithms which require the concave property of the utility
function, for some cases, we can apply the monotone transfor-
mation from 𝑢𝑘(.) to a concave function that is “equivalent”
to such a utility function.

Proposition 1: If 𝐺+
𝑘 (.) is a linear function, i.e., 𝐺+

𝑘 (𝑟𝑘) =
𝑐𝑘×𝑟𝑘 where 𝑐𝑘 is a utility factor, then log(𝑢𝑘(.)) is a concave
function.

Proof: First, according to the value of 𝑅𝑗,𝑘, we array
{𝑅𝑗,𝑘, 𝑗 ∈ N𝑏} in descending order. Let 𝑛 ∈ {1, ..., ∣N𝑏∣}
denote a rank number which specifies a spare band exactly.
Then, let 𝑅′

𝑛,𝑘 denote the access rate of SU 𝑘 in descending
order. Denote x

¯
𝑛
𝑘 as the fraction of time that SU 𝑘 obtains to

access channel 𝑛. Note that, the value of x
¯
𝑛
𝑘 is determined by

𝑥𝑘 . Hence, 𝑢𝑘(𝑥𝑘) can be rewritten as:

𝑢𝑘(𝑥𝑘) = min{𝑥𝑡𝑘, x¯
1
𝑘} × 𝑐𝑘𝑅

′
1,𝑘

+ min{max{0, (𝑥𝑡𝑘 − x
¯
1
𝑘)}, x

¯
2
𝑘} × 𝑐𝑘𝑅

′
2,𝑘 + . . .

+ min{max{0, (𝑥𝑡𝑘 − . . .− x
¯
∣N𝑏∣−1
𝑘 )}, x

¯
∣N𝑏∣
𝑘 } × 𝑐𝑘𝑅

′
∣N𝑏∣,𝑘.

That is, with the constraint of time 𝑥𝑡𝑘, SU 𝑘 always attempts
to allocate the access time to its favorite spare band.

Clearly, we can get that ∀𝛼 > 0, 𝑢𝑘(𝛼𝑥𝑘) = 𝛼𝑢𝑘(𝑥𝑘) which
means that 𝑢𝑘(𝑥𝑘) is a homogeneous function6 with degree
one. We now apply Friedman’s theorem [21] which states that
a monotone, homogeneous and quasi-concave function is log
concave. Hence, log(𝑢𝑘(.)) is concave.

For each OP, the utility function is defined to be the maxi-
mum payoff it can obtain from the cooperative transmissions
for its PUs, which is specified by allocation x as:

𝑢𝑖(𝑥𝑖) = max
𝛽𝑚,𝑘,

𝑘∈K,𝑚∈M𝑖

𝑈+
𝑖 (𝑦𝑖), ∀𝑖 ∈ N.

Subject to:
1) 𝑦𝑚 =

∑
𝑘∈K 𝛽𝑚,𝑘𝐼𝑚,𝑘,𝑚 ∈ M𝑖.

2)
∑

𝑘∈K 𝛽𝑚,𝑘 ≤ 1,𝑚 ∈ M𝑖.
3)

∑
𝑚∈M𝑖

𝛽𝑚,𝑘 ≤ 𝑥𝑡𝑖, 𝑘 ∈ K.

6A function 𝑢(.) is homogeneous of degree d if for any 𝛼 > 0, 𝑢(𝛼𝑥) =
𝛼𝑑𝑢(𝑥).
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4) 𝛽𝑚,𝑘 ≥ 0, 𝑘 ∈ K,𝑚 ∈ M𝑖.
For any feasible allocation 𝑥𝑖, constraint (2) in the op-

timization defining 𝑢𝑖(.) is never binding. If 𝑈+
𝑘 (.) is a

linear function, i.e., 𝑈+
𝑘 (𝑟𝑘) = 𝑐𝑘 × 𝑟𝑘. Then, 𝑢𝑖(𝑥𝑖) can be

represented as 𝑢𝑖(𝑥𝑖) = max{𝑐 ⋅ 𝛽∣𝛽 ∈ 𝑅
∣M𝑖∣×∣K∣
+ , 𝐴𝛽 ≤ 𝑥𝑖}

where 𝑐 ∈ 𝑅
∣M𝑖∣×∣K∣
+ and the columns of matrix 𝐴 can be

thought of as “objects” that the trader wants to “build”. Such
a function is also a homogeneous function with degree one
[25]. Then, log(𝑢𝑖(𝑥𝑖)) is also a concave function.

Remark: In this paper, we mainly study the linear cases for
𝑈+
𝑘 (.) and 𝐺+

𝑘 (.). However, under situations where 𝑢𝑘(.) and
𝑢𝑖(.) are quasi-concave, the results presented in this section
always hold.

Each of the self-interested OP or SU in the exchange
economy attempts to get an allocation benefiting itself as much
as possible. Similar to the concept of core in coalitional games,
one can use the core of the exchange economy as a policy to
determine the resource allocation for OPs and SUs. Formally,
its definition is given as :

C𝑒 =
{
x∗ ∈ 𝑅

(∣N∣+∣K∣)ℓ
+ :

∑
ℎ∈N∪K

𝑥∗ℎ ≤
∑

ℎ∈N∪K

𝑞ℎ, ∀ S,

∄ z ∈ 𝑅
(∣N∣+∣K∣)ℓ
+ , such that 𝑢ℎ(𝑧ℎ) > 𝑢ℎ(𝑥∗ℎ), ℎ ∈ S𝑜 ∪ S𝑠,

and
∑

ℎ∈S𝑜∪S𝑠

𝑧ℎ ≤
∑

ℎ∈S𝑜∪S𝑠

𝑞ℎ.
}
,

where ℓ = ∣N𝑏∣ + ∣K∣. That is, an allocation x∗ = (𝑥∗𝑖 )𝑖∈N ∪
(𝑥∗𝑘)𝑘∈K is in the core of the exchange economy, if it cannot
be blocked by any coalition S, S ⊂ N∪K. There is a general
property about the core of an exchange economy.

Theorem 5 [17]: Every competitive allocation of an ex-
change economy is in its core.

We will show that an allocation in the core of an exchange
economy setting corresponds to a feasible joint action in the
grand coalition, and a payoff profile in the core of CSSA
NTU game. Consequently, using Theorem 5, the available
efficient algorithms to compute the cooperative allocation of
an exchange economy can be used to get a profile in the core of
CSSA NTU game. Toward this end, we first present Lemma 1.

Lemma 1: For any payoff vector ẑ ∈ 𝑉 (S), there exists an
allocation x̂ of the economy setting such that:

a)
∑

ℎ∈S𝑜∪S𝑠
�̂�ℎ ≤ ∑

ℎ∈S𝑜∪S𝑠
𝑞ℎ.

b)𝑢ℎ(�̂�ℎ) ≥ 𝑧ℎ, ∀ℎ ∈ S𝑜 ∪ S𝑠.
Proof: Recall that, 𝑉 (S) contains all payoff vectors

that are less than or equal to at least one payoff vector
generated by a feasible joint action. Suppose that a joint
action {𝛽𝑚,𝑘, 𝛼𝑗,𝑘,𝑚 ∈ S𝑝, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑘} corresponds
to ẑ. Define �̂�𝑡𝑖 =

∑
𝑚∈M𝑖

𝛽𝑚,𝑘, 𝑘 ∈ S𝑠, 𝑖 ∈ S𝑜. Define

�̂�𝑗
′
𝑘 = 𝛼𝑗,𝑘, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠, and �̂�𝑗

′
𝑖 = 0, 𝑖 ∈ S𝑜. That is,

the amount of channel 𝑗 owned by OP 𝑖 is set to zero. Since
{𝛽𝑚,𝑘, 𝛼𝑗,𝑘,𝑚 ∈ S𝑝, 𝑗 ∈ S𝑏, 𝑘 ∈ S𝑠} is a feasible joint action
of S, it satisfies the constraints of P(S). Then, we get:

∑
ℎ∈S𝑜∪S𝑠

�̂�𝑡ℎ =
∑
𝑖∈S𝑜

�̂�𝑡𝑖 +
∑
𝑘∈S𝑠

�̂�𝑡𝑘 =
∑
𝑖∈S𝑜

∑
𝑚∈M𝑖

𝛽𝑚,𝑘 +
∑
𝑘∈S𝑠

𝛼𝑗,𝑘

=
∑
𝑚∈S𝑝

𝛽𝑚,𝑘 +
∑
𝑘∈S𝑠

𝛼𝑗,𝑘 ≤ 1 =
∑

ℎ∈S𝑜∪S𝑠

𝑞𝑡ℎ, 𝑘 ∈ S𝑠,

where the last equality comes from the definition of 𝑞𝑖 and 𝑞𝑘.
In the same way, one can easily verify that

∑
ℎ∈S𝑜∪S𝑠

�̂�𝑗
′
ℎ ≤∑

ℎ∈S𝑜∪S𝑠
𝑞𝑗

′
ℎ , 𝑗 ∈ S𝑏.

Next, note that, for the given 𝑥𝑖, {𝛽𝑚,𝑘, 𝑘 ∈ S𝑠,𝑚 ∈ S𝑝}
constitutes a feasible solution of the optimization defining
𝑢𝑖(�̂�𝑖), and 𝑧𝑖 is the value of the objective function. Thus,
𝑢𝑖(�̂�𝑖) ≥ 𝑧𝑖, ∀𝑖 ∈ S𝑜. A similar argument holds for
𝑢𝑘(�̂�𝑘) ≥ 𝑧𝑘, 𝑘 ∈ S𝑠. Then, b) immediately follows.

For any allocation x∗ belonging to C𝑒, assume that the
joint action {𝛽∗

𝑚,𝑘, 𝛼
∗
𝑗,𝑘,𝑚 ∈ N𝑝, 𝑗 ∈ N𝑏, 𝑘 ∈ K} consists of

optimal solutions of the optimizations defining 𝑢𝑖(𝑥∗𝑖 ), 𝑖 ∈ N𝑜

and 𝑢𝑘(𝑥∗𝑘), 𝑘 ∈ K. Then, based on Lemma 1, we get the
following theorem:

Theorem 6: If z is the payoff vector that corresponds to
{𝛽∗

𝑚,𝑘, 𝛼
∗
𝑗,𝑘,𝑚 ∈ N𝑝, 𝑗 ∈ N𝑏, 𝑘 ∈ K}, then z ∈ C𝑁𝑇𝑈 .

Proof: Suppose that z /∈ C𝑁𝑇𝑈 , then there exists
a coalition S and a payoff profile ẑ ∈ 𝑉 (S) such that
𝑧𝑖 > 𝑧𝑖, ∀ 𝑖 ∈ S𝑜 or 𝑧𝑘 > 𝑧𝑘, ∀ 𝑘 ∈ S𝑠. Since
𝑧 ∈ 𝑉 (S), by Lemma 1, there exists an allocation x̂ such
that: a)

∑
ℎ∈S𝑜∪S𝑠

�̂�ℎ ≤ ∑
ℎ∈S𝑜∪S𝑠

𝑞ℎ, b) 𝑢𝑖(�̂�𝑖) ≥ 𝑧𝑖, ∀𝑖 ∈
S𝑜 or 𝑢𝑘(�̂�𝑘) ≥ 𝑧𝑘, 𝑘 ∈ S𝑠. Consequently, 𝑢𝑖(�̂�𝑖) ≥ 𝑧𝑖 >
𝑧𝑖, ∀𝑖 ∈ S𝑜 or 𝑢𝑘(�̂�𝑘) ≥ 𝑧𝑘 > 𝑧𝑘, 𝑘 ∈ S𝑠. This is in
contradiction with x∗ ∈ C𝑒.

Using Theorem 6, we argue that:
Corollary 1: If (p∗,x∗) is a CE of the exchange economy

setting, then the corresponding payoff vector 𝑢𝑖(𝑥
∗
𝑖 )𝑖∈N ∪

𝑢𝑘(𝑥∗𝑘)𝑘∈K is in the core of CSSA NTU game.
To illustrate the concept of CE, we consider a price vector

p. OP 𝑖 or SU 𝑘 chooses a bundle which is the most desirable
among all those that are affordable (i.e., satisfy p ⋅𝑥𝑖 ≤ p ⋅𝑞𝑖).
Typically, for a price vector p, the demand vector of OP 𝑖
can be defined as 𝑑𝑖(p) = max

𝑥𝑖∈𝑅ℓ
+

𝑢𝑖(𝑥𝑖) subject to p ⋅ 𝑥𝑖 ≤
p ⋅ 𝑞𝑖. The demand vector of SU 𝑘 is defined as 𝑑𝑘(p) =
max
𝑥𝑘∈𝑅ℓ

+

𝑢𝑘(𝑥𝑘) subject to p⋅𝑥𝑘 ≤ p⋅𝑞𝑘. That is, the competitive

allocation is an allocation of resource for OP 𝑖 or SU 𝑘, which
maximizes the utility and subjects to the budget constraint.

Moreover, the aggregate excess demand in the exchange
economy is a function 𝜉 given by 𝜉(p) =

∑
𝑖∈N(𝑑𝑖(p)−𝑞𝑖)+∑

𝑘∈K(𝑑𝑘(p)−𝑞𝑘), i.e., the aggregate demand minus the total
endowment. p∗ is an equilibrium price vector, if 𝜉(p∗) = 0.
In other words, if agents trade goods at the prices of p∗, then
for each good the sum of the individuals’ demand equals the
sum of their supplies. The above claim has pointed out that a
payoff profile in the core of the NTU game can be obtained
by computing the corresponding CE.

C. Computation of the competitive equilibrium

Fruitful results in computational economics provided us a
wide range of methods to compute the CE. Smale developed
a global Newton’s method for the computation of equilibrium
prices [22]. The solver in [23] improved Smale’s algorithm
by doing a line search within each Newton’s iteration. Such
methods, despite not being guaranteed to run in polynomial
time, they have demonstrated the capability of handling real
world applications [23]. The decentralized price adjustment
process [24] required that utility functions are concave to
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get a CE. Recent works [25], [26] presented fast distributed
algorithms under certain conditions.

Some researchers analyzed the practical performance of dif-
ferent algorithms. In [28], the efficiency of Newton’s method
is investigated. The performance of interior point methods
has been analyzed in [27]. The authors surveyed algorithms
to compute CE and indicated how these algorithms can be
improved from the computational point of view.

Having the CE allocation, based on theorem 6, it is easy to
get the resulting payoff vector 𝑢𝑖(𝑥∗𝑖 )𝑖∈N ∪ 𝑢𝑘(𝑥∗𝑘)𝑘∈K to be
in the core of CSSA NTU game. The focus of this paper is
not the design of algorithms. In Section VIII, we just employ
the algorithm in [25] for an example to illustrate the core
allocation of CSSA NTU game.

VII. IMPLEMENTATION OF CSSA

In this section, the implementation of CSSA in practical
networks is discussed. Specifically, we illustrate how CSSA
can be realized with and without a payment mechanism.

A rough sketch of the construction of CSSA is shown in
Fig. 9 from which we can find a unified description of the
implementations of CSSA for two situations. Firstly, we take
the TU model as an example. one CSSA course is divided
into multiple slots with length 𝑇𝑑 (as shown in Fig. 5), each
corresponding to one round in CSSA. All network parameters
(including the number of channels, the number and locations
of SUs, the number of PUs, the utility evaluations of SUs
and OPs, etc.) are assumed to be constant in one CSSA
duration (𝑇𝑑). Suppose that there is a central computer with the
complete information of network parameters and a common
control channel used for the interaction of signals. The central
auctioneer has also been applied to some spectrum auction
models, e.g., [4], [6].

In the initialization of each round, each OP broadcasts a flag
packet over all spare bands to inform SUs. This means that
SUs can obtain channel conditions of all spare bands. Then,
SUs are scheduled to send a packet (serveral bits enough) over
the pilot channels. When PUs acquire the channel conditions
from SUs, each of them piggybacks such information to its
access point7. Then, the channel information will be gathered
by OPs. According to the above issues, a whole CSSA
duration can be designed with the following three phases:

1) Sensing and gathering, in which SUs sense the spare
bands and OPs gather the channel information.

7In practical networks, the central controller can restrict the number of SUs
and PUs involved in CSSA to save the exchanged messages.
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2) Computing, the central computer is in charge of the
payment, as well as determines the action of each SU
or OP by the method in Theorem 1.

3) Cooperation, in which SUs access bands and perform
cooperative transmissions for PUs.

Furthermore, if some SUs and OPs leave the grand coalition
and form a new coalition, no matter what payment they make
and what actions they take, it is impossible to provide a better
allocation for all members in the new coalition.

Now, we turn to the NTU model. The implementation
of CSSA is constructed as before, but there is no central
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controller to support payment management. Additionally, al-
ternative techniques can be used to compute an element in the
core. For instance, the calculation can be performed by the
centralized algorithms [22] [23] [27]. Or, it is done through
distributed interactions [24] [25] [26] between all SUs and
OPs to achieve the CE.

VIII. NUMERICAL RESULTS

In this section, we present numerical results to illustrate the
cooperative actions of OPs and SUs in CSSA. Also, we unveil
different solutions between the TU model and the NTU model
by an example. Firstly, we study the case with transferable
utility. We set 4 OPs in the network on a square area of 400𝑚×
400𝑚 as shown in Fig. 6. The numbers of spare bands of the
OPs are set to 3, 2, 2 and 3, respectively. Assume that each
OP has 3 PUs. All PUs and SUs are randomly placed in the
area. The transmission power of each node is set to 1. We
assume that the noise variances at receivers are the same and
set to 𝛿2 = 10−6. The channel gain between any two nodes
is modeled as an i.i.d. zero-mean complex circular Gaussian
random variable with 𝐶𝑁(0, 1) distribution.

Let the utility functions be linear functions such as
𝑈+
𝑖 (𝑦𝑖) = 5 × 𝑦𝑖 and 𝐺+

𝑘 (𝑟𝑘) = 𝑔𝑎 × 𝑟𝑘 where 𝑔𝑎 is
an access rate gain factor. Set 𝑈−

𝑖 (𝑤𝑖) = 0.5 × 𝑤𝑖 and
𝐺−
𝑘 (𝑒𝑘) = 0.5 × 𝑒𝑘. As we know, the coalition value 𝑣(𝑆)

which is defined by the convex optimization problem P(S),
quantifies the worth of a coalition in the game. When all SUs
and OPs form the grand coalition, the solution of P(N ∪ K)
determines the throughput gain of each OP, the access rate gain
of each SU, the access cost of each OP and the energy cost
of each SU. We plot these results in Fig. 7. Nevertheless, the
utility evaluations cannot guarantee a stable grand coalition.

The core of the game is directly related to the grand
coalition’s stability. The solution of the dual problem D(N∪K)
constitutes a payoff allocation in the core of the TU game.
Specifically, such an aggregate payoff sharing strategy deter-
mines the payment each OP/SU obtains or pays. In Fig. 7, we
set 𝑔𝑎 = 10 and plot such a payoff allocation placing with the
utility evaluations. From the figure, we clearly observe that
payment transfers from some agents to others. For instance,
SU 5 does not access spare bands and OP 1 does not get
throughput gain, but they receive extra revenue.

The payoff allocation in the core guarantees that no group
of players has an incentive to leave the grand coalition to
form another coalition. This property is studied in Fig. 8.
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Fig. 9. The impact of access rate gain factor (𝑔𝑎) on the cooperation scheme.

We construct some sub coalitions in the network as shown
in Fig. 6. Some agents such as OP 1, SU 3 and SU 8 are
contained in all sub coalitions. Fig. 8 illustrates that leaving
the grand coalition does not provide higher payoffs for all of
them.

Fig. 9 shows the impact of access rate gain factor (𝑔𝑎) on
the cooperation scheme. Fig. 9(a) reveals that, with increasing
𝑔𝑎, the total throughput gain of all OPs decreases. The reason
is that a larger value of 𝑔𝑎 makes OPs get less fraction of time
of cooperative transmissions to achieve the optimal coalition
value. However, SUs obtain more fraction of time for access.
Hence, the total access cost of all OPs rises and the total
energy cost of all SUs reduces. We illustrate this in Fig. 9(b).
The total payment each side (all OPs or all SUs) generates
with different 𝑔𝑎 is plotted in Fig. 10, from which we find that
the payment one side receives exactly equals to the payment
another side consumes. This means that the payment transfer
in the coalition does not change the coalition value.

Next, we use a simple example to study the model without
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any transferable payoff. We set two OPs and assume that each
OP has one PU and one spare band. There are four SUs in
the network. For the case where the access costs of OPs and
the cooperative costs of SUs are zero or negligible, we set
𝑈−
𝑖 (.) = 0, 𝐺−

𝑘 (.) = 0. Then, a simple exchange economy
setting is constituted. Fig. 11 illustrates the different results
between the TU and NTU games. They clearly show that, in
the NTU game, we do not get a stable and socially optimal
solution. This is due to the fact that there is no charge being
introduced into the payoff allocation of the NTU game to
support the stable and socially optimal solution. However,
without payment management, the deployment of commercial
networks will be much more convenient.

IX. CONCLUSION

In this paper, we have developed new dynamics for the
cooperative CR networks with multiple OPs and SUs. First,
we considered the scenario in which a payment mechanism
was supported by the system. Such a situation led to a TU
coalitional game. Based on the dual theory, the cooperative
strategies and the payment each OP or SU was charged
for the stable and optimal solution of the game have been
determined. Secondly, we investigated an interesting scenario
where there is no payment transfer in the CR network. We
modeled the system by an NTU game and proved that the
core of such a game is nonempty. Under special situations,
we related an exchange economy setting to the NTU game.
As a result, some available efficient centralized or distributed

algorithms to compute CE can be employed to get a solution
of the game. We discussed in detail the implementation of
new dynamics in practical networks. Numerical studies have
been performed to reveal the rational cooperative actions of
OPs and SUs in CSSA for two situations. In summary, this
paper has introduced techniques by which coalitional behavior
of cognitive radios can be analyzed, thereby enabling the
efficient design of coalition based CR dynamics for future
CR networks.
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