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Abstract—This paper investigates random walk mobility models with location heterogeneity, where different locations may have
different neighboring regions. We consider n locations in a 1-dimension network and investigate two cases, i.e., full-range locations
where nodes situated have the capability to shuffle throughout the network and long-range locations where nodes are allowed to move
to positions nearby within a certain range. In the former situation, with the exact expressions derived, we find location heterogeneity
has a critical impact on the first hitting time of random walk, varying from Θ(n) to Θ

�
n3
�

according to different extent of heterogeneity.
The result covers, as two special cases, both the classic independent and identically distributed (i.i.d) mobility and traditional random
walk when varying the number of full-range locations. In the latter one, our asymptotic results on both the first crossing time and cover
time suggest that they are inversely proportional to the range of neighboring region r (∝ r−2 and ∝ r−1, respectively). Furthermore,
with multiple concurrent random walks introduced, the first hitting time can be drastically decreased and the effect is strengthened if
combined with location heterogeneity. In addition, our investigation into the stationary distribution of nodes indicates that the uniformity
no longer holds due to different transition probabilities, as a result of location heterogeneity. We also conduct extensive simulation
results to verify our observations and enhance the understanding on the impact of network parameters. Based on the insights obtained,
we move forward to investigate the impact of location heterogeneity in 2-dimension networks.

Index Terms—Location Heterogeneity, Random Walk, Stationary Distribution
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1 INTRODUCTION
With the advent of mobile ad-hoc networks, there has
been a tremendous interest in exploring information
distribution in dynamic scenarios, where a number of
nodes move according to some given mobility model-
s and deliver messages when they come across each
other. Random mobility models are attractive in such
scenarios due to their inherent simplicity, locality and
robustness to dynamical changes. Therefore, investiga-
tion of random mobilities plays a significant role in
better understanding of the corresponding underlying
structure. Representative random mobility models con-
sidered in the literature include the simple independent
and identically distributed (i.i.d) mobility [1] and more
complicated models such as random way-point mobility
[2], Makovian mobility [3], Brownian motion [4] and
random walk [5].

As one of those most studied random mobility models,
random walk has received intensive attention due to
its vast applications, spanning a wide range of areas
in both theory and practice. For example, Figueiredo et
al. [6] recently analyze the stationary distribution of a
continuous time random walk on an ergodic time vary-
ing dynamic graph. Another typical work comes from
Sarma et al. [7], where random walk is utilized to achieve
efficient sampling performance in a distributed network.
Lin et al. [4] consider the delay-capacity tradeoff in two
dimensional networks and show that the hitting time
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of random walk remains to be Θ(n log n) regardless of
how the cell size changes. Clementi et al. [8] study the
cover time for some mobile nodes to broadcast their
information throughout all the network. The stateless
opportunistic forwarding is investigated in [9], where the
state of nodes may switch between active and idle ac-
cording to a geometric random variable. Using resistance
method, Beraldi [10] focuses on the hitting time under
the paradigm that nodes move randomly to a location
nearby or 2 distance units away. Another relevant body
of random walk applications includes routing [11], graph
searching [12] and gossiping [13], etc.

All previous works about random walk [4]- [13] are
based on the common assumption of uniform mobility
pattern for each node, whereas location heterogeneity
has received little investigation. Location heterogeneity
refers to the scenario where nodes on different locations
or positions may have different mobility patterns. In all
previous works [4]- [13], it is assumed that nodes on
different locations move according to the same mobility
distribution, such as the same neighborhood regions and
node velocity distributions, which is in sharp contrast
to practical cases. For instance, in a network topology,
vertexes may connect to a different number of neigh-
bors and therefore information flow will follow different
transition probabilities. To give another example, some
routers may possess more cache capacity for neighboring
information storage, whereas others may have less, es-
pecially in large scale networks. Consequently, location
heterogeneity turns out to be a significant factor that
should be taken into account in information forwarding.

We are thus motivated to present a look into the
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random walk mobility models with location heterogene-
ity in this paper. The main metrics considered are first
crossing time, first hitting time and cover time, which
are also the major concerns of the aforementioned works
[4]- [13]. In addition, we give consideration to the s-
tationary distribution, since location heterogeneity can
possibly lead to a non-uniform distribution of nodes, as
opposed to the uniform result obtained under uniform
mobility patterns. Generally speaking, to tackle the issue
of random walk mobility, in the existing literature, two
techniques widely adopted are the resistance method
and Markov chain method, which is also pointed out
in “Random Walks on Graphs: A Survey”. For the re-
sistance method, all the possible locations are mapped
onto a graph with each connection further assumed to
be a resistor. The hitting time can then be characterized
as the corresponding resistance of the graph. In the
latter case, the transitions on the graph are modeled
as Markov chains and the hitting time can therefore be
computed through the eigenvalues and eigenvectors of
the graph. Although of useful guideline to hitting time
calculation, the two methods fall short in manifesting
their applicability to our location heterogeneity case
with three primary reasons. First, the resistance method
works merely in an undirected graph, which fails to
represent location heterogeneity (We will show in Section
2 that the network is a directed graph.). Second, the
eigenvalues of Markov chains are difficult to calculate
except for some special graphs and are usually figured
out through numerical experiments, which are rather
time-and-resource-consuming when the network scale
is large. Third, even if the eigenvalues are computable,
the impact of the transition probability matrix on its
eigenvalues are not clear and hence, it is difficult to
obtain underlying insights from the eigenvalues.

Therefore, to capture the impact of location hetero-
geneity and get around the limitations of the two meth-
ods, we try to seek for the most basic and original
expressions. Precisely speaking, we render a set of linear
equations to represent the position update of nodes
in random walk models. To facilitate the analysis in
location heterogeneity, we start by considering random
walks with homogeneous settings such as the same
neighboring regions for each location and then move
to the more general case of heterogeneity settings for
further investigation. We show that heterogeneity set-
tings may turn out to share a similar formation to
the homogenous settings through proper adjustments.
More specifically, we consider two scenarios. 1) Full-
range locations: nodes on such locations are able to
shuffle around the network, whereas nodes on other
locations can only move to the neighboring regions on
left and right; 2) Long-range locations: nodes on those
positions are allowed to move to nearby locations within
a given range. Our main contributions are summarized
as follows:

• In the case where full-range locations exist in the

network, we derive the exact expressions of hitting
time, which are manifested to be significantly im-
pacted by location heterogeneity, varying from Θ(n)
to Θ(n3) according to different settings. Adjusting
the number of full-range locations, we find that the
results even comprise the cases of both i.i.d. mobility
and traditional random walk.

• For networks with long-range locations, we focus
on both the first crossing time and cover time. The
result is in inverse square proportion to the number
of long-range locations in the former case while it is
in inverse proportion in the latter one. Furthermore,
the non-uniform stationary distribution is observed
due to location heterogeneity.

• We analytically demonstrate that both the hitting
time and cover time can be greatly decreased
through introducing multiple concurrent random
walks. Surprisingly, the performance will further
benefit when combined with location heterogeneity.

Remark: There are numerous works studying various
kinds of random walks from the more mathematic per-
spective, for both 1-dimensional networks [15] [16] and
2-dimensional networks [17] [18] [19]. Departing from
this line of works, our work considers one-dimensional
models with location heterogeneity, which stem from
more practical concerns. For example, sensor networks
can be deployed alongside the boundary of a given
region to detect events of interest, such as intrusion.
Some sensors may have larger communication ranges,
while some may have a smaller one. Each sensor can be
regarded as a location and the senors in its communica-
tion range can be regarded as its neighbors. Thus, the
intrusion detection time can be investigated with our
model. The results can also be applied to large scale
networks, which are otherwise computationally costly
or even intractable. For example, in a social network,
different users have different numbers of friends. The
construction of the connections map of the network can
be modeled as a random walk with location heterogene-
ity, given that one sample on a connection can be taken
in a timeslot. Similarly, the construction time is closely
related our model. Also, in an ad hoc network, if each
node has different moving ranges at different locations,
we will show that the throughput is also related to
random walk mobility with location heterogeneity in
Section 6.3.

The remainder of this paper is organized as follows.
We present the network model in Section 2, and carry out
the analysis of both full-range and long-range locations
in Sections 3 and 4. We use multiple random walks to
further enhance the performance in Section 5 and give
some discussion in Section 6. Finally, we conclude the
paper in Section 7.

2 NETWORK MODELS AND DEFINITIONS
In this section, we establish a model to capture location
heterogeneity in random walk mobility. Definitions and
notations used throughout the paper are also presented.
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Network Model: The whole network is modeled as
a directed graph G=(V ,E). Since we focus on one-
dimensional mobility in present work, V represents a
set of locations distributed on a line L and |V| is the
number of locations. Specifically, if L = [0, n], there are
totally |V| = n + 1 locations which can be represented
as V={v0, v1, v2, ..., vn}; if L = [−n, n], there will be |V| =
2n+1 positions denoted as V={v−n, v−n+1, v−n+2, ..., vn}.
We mostly assume the network model as a line and
will sometimes wrap around the line to form a ring to
avoid boundary effect, which will not affect the results
in order sense. E is the set of directed edges and E =
{(vi, vj)|nodes on vi can move to vj}. Time is divided
into equal slots. At each timeslot, a node moves to one of
its neighboring locations with equal probability. During
our analysis of such a random walk, we will focus on the
metrics of first crossing time, hitting time and cover time,
which are, along with some basic conceptions, defined
as follows:

Neighbors of Locations: Let N (vi) = {vj |(vi, vj) ∈ E}
denote the set of neighbors of a generic location vi. Let di
denote the degree of vi. When di = |V|−1, we call vi as a
full-range location, since nodes on vi have the capability of
moving to any other location in the network with equal
probability. When 2 < di < |V|−1, we call vi a long-range
location. When di = 2, we call it a traditional location.

Random Walk: A random walk Wi(t) starting at loca-
tion vi and reaching location wt at time t can be traced
by a sequence of points w0, w1, ..., wt where w0 = vi and
for any integer k ∈ [0, t− 1], wk+1 is a neighbor of wk.

First Hitting Time: The time taken for a random walk
to first reach location vj starting at location vi is called
first hitting time. We denote EiTj as its expectation.
Mathematically, we have EiTj = E{min t|Wi(t) = vj}.
Therefore, we have EiTj = 1 + 1

di

P
k∈N (vi)

EkTj , where
EkTj = 0 if k = j. If A is a set of locations, EiTA is
the expected time for a node moves from location vi to
a location in A. And for the sake of brevity, we will
use E[i] to present EiTn or EiT{n,−n} without causing
confusion in the context.

First Crossing Time: We define first crossing time as
the time taken for a random walk starting at location
vi to first across location vn or v−n. And we introduce
C[i] to denote its expectation. C[i] = E{min t|Wi(t) ≥
vn or Wi(t) ≤ v−n}.

Cover Time: The time taken for a random walk starting
at location vi to first visit all the locations is called
the cover time and its expectation can be denoted as
Covi(G) = {min t| ∪k∈{0,1,...,t} {Wi(k)} = V}. Moreover,
we define Cov(G) = maxi Covi(G) as the cover time of
the graph.

Visitation Distribution: Consider the network where
there exists only one random walk. Denote Ni(t) as the
number of visits of the walk to location vi during time
interval [0, t]. Then, the stationary visitation distribution
for location vi is denoted as πi = limt→∞

Ni(t)
t . If there

are multiple independent random walks, the stationary
visitation distribution for each location can be easily

obtained due to the independence of different random
walks.

Knuth Notations: Denote λ(n) = O(f(n)) if there is a
positive constant c1 such that limn→∞ P (λ(n)f(n) ≤ c1) = 1.
Denote λ(n) = Ω(f(n)) if f(n) = O(λ(n)). λ(n) is said to
be Θ(f(n)) if both λ(n) = O(f(n)) and λ(n) = Ω(f(n))
hold.

3 FULL-RANGE LOCATIONS

In this section, we focus on full-range locations and
study its impact on both the hitting time and cover
time. Specifically, we first consider the scenario with only
one full-range location and then extend our study to
the case with multiple uniformly distributed full-range
locations. Lastly, we move to the general and more intri-
cate case with arbitrarily distributed full-range locations
and derive the corresponding hitting time. Our results
convey that full-range locations have both positive and
negative impacts depending on the distribution of full-
range locations.

3.1 Average First Hitting Time

In the following, we consider the scenario where the
network is distributed on a line L = [0, n]. Note that
the results obtained can be immediately applied to the
scenario where L = [−n, n] due to the symmetry.

Lemma 1: Assume that a node in location v0 can move
to any location whereas a node in any other location still
follow the traditional random walk where they turn left
and right with equal probability 1

2 . The hitting time for
a node moving from v0 to vn can be expressed as

E0Tn =
(n2 + 5)n

3(n+ 1)
. (1)

.
Proof: Considering in terms of first hitting time, this

random walk can be represented as

E[0] = 1 +
1

n
(E[1] + E[2] + ...+ E[n− 1] + E[n])

E[i] = 1 +
1

2
(E[i− 1] + E[i+ 1])

(2)

for all i ≥ 1 and i ≤ n− 1. We first demonstrate that the
following equation holds for any i ≥ 1 and i ≤ n− 1.

1

2
(E[j] + E[n− j]) = jn− j2 +

1

2
E[0]. (3)

Note that Equation (3) can be proved by induction. When
j = 2, taking the summation of equations from i = 1 to
i = n− 1 and with E[n] = 0, we have

n−1X
i=1

E[i] = n−1+
1

2
(E[0]+E[1])+

n−2X
i=2

E[i]+
1

2
(E[n−1]+E[n]).

Rearranging the equation above, we get

1

2
(E[1] + E[n− 1]) = n− 1 +

1

2
(E[0] + E[n]).
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Now assume that Equation (3) holds for some j ≥ 2 as
the induction hypothesis.

n−i−1X
j=i+1

E[i] = n− 2i− 1 +
1

2
(E[i] + E[i+ 1])

+
n−i−2X
j=i+2

E[i] +
1

2
(E[n− i− 2] + E[n− i− 1]).

Hence,

1

2
(E[i+1]+E[n−i−1]) = n−2i−1+

1

2
(E[i]+E[n−i]). (4)

Using Equation (4) and the induction hypothesis, we
have

1

2
(E[i+ 1] + E[n− i− 1])

= n− 2i− 1 +
1

2
(E[i] + E[n− i])

= n− 2i− 1 + in− i2 +
1

2
E[0].

Hence, we conclude that Equation (3) holds and sub-
stituting it into Equation (2), we can obtain

E[0] = 1 +
1

n

(n−1)/2X
i=1

(E[i] + E[n− i])

= 1 +
2

n

(n−1)/2X
i=1

�
in− i2 +

1

2
E[0]

�

= 1 +
n− 1

2n
E[0] +

2

n

�
n

2

n2 − 1

4
− n

6

n2 − 1

4

�

= 1 +
n− 1

2n
E[0] +

1

6
(n2 − 1).

(5)

Note that the derivation of the third step in former
equation can be obtained using the well-known resultPn

i=1 i
2 = 1

6n(n+1)(2n+1). The lemma can be concluded
using a simple calculation on Equation (5).

The result above suggests that the hitting time decreas-
es as the distance increases even when there is a full-
range location. And it remains interesting to see how
the performance will be like in the case of multiple full-
range locations. This is stated in the following theorem.

Theorem 1: Consider the case where full-range loca-
tions are evenly distributed throughout the network.
Denoting d as the distance between two adjacent full-
range locations (here we assume that d is divisible by
n), the hitting time for a node moving from location v0
to vn is

EoTn =
(d2 + 5)n

3(d+ 1)
. (6)

.
Proof: In the sense of first hitting time, this random

walk can be denoted as

E[i] =
�

1 + 1
n

Pi−1
j=1 E[j] +

1
n

Pn
j=i+1 E[j], ∀i | d

1 + 1
2 (E[i− 1] + E[i]), ∀i - d

(7)

d 2d id 2n d- n d- n

Fig. 1. An illustration of networks with full-range locations.

Hence, for any integer i | d, i ̸= n and k | d, k ̸= n, we
have

E[i]− E[k] =
1

n
(E[k]− E[i]), (8)

which equivalently implies that E[i] = E[k].
For any i | d and i < k < i+ d, we show that

1

2
(E[k]+E[i+d−k]) = (k−i)d−(k−i)2+

1

2
(E[i]+E[i+d])

(9)
whose proof is similar to Equation (4) and therefore
omitted here.

For any integer j such that dj + d ≤ n, we have

1

2

dj+d−1X
i=dj+1

E[i] =

d−1
2X

i=1

(id− i2) +
d− 1

4
(E[dj] + E[dj + d])

=
1

12
d(d2 − 1) +

d− 1

4
(E[dj] + E[dj + d]).

(10)
Also note that E[n] = 0, we further derive that

E[0] =1 +
1

n

nX
i=1

E[i]

=1 +
1

n

X
i|d

E[i] + 1

n

n
d
−2X

j=0

dj+d−1X
i=dj+1

E[i] + 1

n

n−1X
i=n−d+1

E[i]

=
2n− d− 1

2n
E[0] + 1

6
(d2 + 5).

(11)
From the above equation, we can conclude this theorem.

A series of exact expressions for the first hitting time
obtained under two arbitrary locations are listed in Table
I. To calculate the expected hitting time for arbitrary
EiTj , we first denote k1 as ⌊ i

d⌋ · d and k2 as ⌊ j
d⌋ · d. Let

B = {l | l ∈ [0, n], l | d}.

TABLE 1
First hitting time

Notation EiTj

i < k2 or i > k2 + d, j ∈ B (i−k1)(k1+d− i)+EoTn.

k2 < i < k2 + d, j = k2 + d
(i − k2)(k2 + d − i) +
j−i
d

EoTn.
i ∈ B, j - d − 2

3
(i− k2)(k2 + d− i)

+
(d2+5)n

3d
.

k1 < i < j < k1 + d (i− k)(j − i) + j−i
j−k

E0Tj .
k < i < k + d < j (i− k)(k + d− i) + E0Tj .

According to Theorem 1, E[0] ≈ 1
3nd when d = Ω(1).

Compared to the hitting time n2 when there is no full-
range locations, it dramatically decreases even when
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there exists one full-range location in the network. Intu-
itively, this can be explained in the following way: When
a node reaches a full-range location, it has a probability
of d/2

n to move to another location which is in distance
less than d/2 away from the boundary vn. At this time,
the node will be able to reach the boundary within at
most d2

4 time slots with the probability of at least 1
2 . Also

note that the node can reach a full-range location once
in at most every d2

4 time slots. Therefore, the expected
first hitting time is O(2 · d2

4 · n
d/2 ) = O(nd).

More rigorously, this intuitive can be formulated as

E0TA =1 +
1

n

n−d/2X
i=1

EiTA

≤1 +
1

n

n−d/2X
i=1

�
E⌊ i

d ⌋·d
TA +

d2

4

�

≤1 +
n− d/2

n

�
E0TA +

d2

4

�
,

(12)

where A represents the set of locations in [n−d/2, n] and
EiTA represents the expected time for a node to move
from location i to a location in A. Note that EiTA = EjTA,
for all i|d and j|d.

Therefore, E0TA = O(nd). For i ∈ A, EiTn ≤
EiT{n−d,n} + 1

2En−dTn + 1
2EnTn ≤ d2

4 + 1
2E0Tn. Since

vn ∈ A, no matter the node moves to vn directly from a
full-range location or from vn−1, it should first arrive at
area A.

E0Tn ≤E0TA + Ei∈ATn

≤O(nd) +
d2

4
+

1

2
E0Tn.

(13)

Therefore, E0Tn = O(nd). From the analysis, we can
see that the hitting time dramatically decreases. This is
because the full-range location can help send nodes to
locations near the boundary.

Theorem 1 conveys, not definitely though, that the
hitting time decreases monotonously as the number of
full-range locations increases. However, the statement
is based on the case where we assume d is divisible
by n but the performance remains unclear when d is
not divisible by n. Making observations in such case,
we provide Theorem 2 for the statement of a more
generalized result.

Theorem 2: Consider k full-range locations (labeled 1,
2, ..., k respectively). Assume v0 is the first full-range
location, the distance between the ith full-range location
and the (i + 1)th one is Li, and the distance between
the kth full-range location to vn is Lk. The expected
time spent for a node moving from v0 to location vn
is Θ

�
n
Lk

Pk
i=1

Li

n L2
i

�
.

Proof: Denote the set of locations in [n − Lk

2 , n] as
A. A node can arrive at vn directly from a full-range
location or arrive at a location in A first and then move to
vn. Therefore, E0Tn should be smaller than the expected
time of the latter case and E0Tn ≤ E0TA + Ei∈ATn.

To compute Ei∈ATn, we see that for a node located in
A, it will arrive at vn or the kth full-range location in L2

k

4
timeslots and will arrive at vn with at least probability
1
2 . Therefore,

Ei∈ATn ≤ L2
k

4
+

1

2
E0Tn (14)

where we use E0Tn since the expected time for nodes at
all full-range locations to arrive at vn is the same.

A node at location v0 may move to any locations in
the network and the expectation time that a node in
Li arrives at a full-range location is Θ(L2

i ). Hence the
expectation time for a node to move to a full-range
location is on the order of Θ(

Pk
i=1

Li

n L2
i ). When the

node is at a full-range location, it may move to A with
probability Lk

2n . Therefore,

E0TA = Θ

 
2n

Lk

kX
i=1

Li

n
L2
i

!
. (15)

Combined with Equations (14) and (15), the upper
bound can be obtained. And note that E0Tn ≥ E0TA

since vn ∈ A. Therefore, we conclude this theorem.
As a direct result from Theorem 2, the maximum

expectation time for a node located in-between the ith
and (i + 1)th full-range location to move to a location
in-between the jth and (j + 1)th full-range locations is
O
�
L2
i +

4n
Lj

Pk
l=1

Ll

n L2
l

�
. The hitting time therefore varies

from Θ(n) to Θ(n3) according to different settings, and
is critically impacted by the distribution of full-range
locations. Note that the effect is not always positive,
depending on whether location heterogeneity leads to
the increase or decrease of the hitting time.

3.2 Expected Cover Time
In the previous section, we have studied the impact of
full-range locations on hitting time. In this section, we
study another important metric, cover time, which also
have a strong relationship with the speed of informa-
tion dissemination. Mathematically, cover time shares a
similar interpretation to hitting time and there is a close
relationship between the two conceptions according to
Matthews’ upper bound [27], which is shown as follows:

Lemma 2: (Matthews’ upper bound [27]) For a graph
G=(V ,E), the cover time is

Cov(G) ≤ max
i,j

(EiTj) · h(n) (16)

where h(n) =
Pn

i=1
1
i is the nth harmonic number.

Therefore, combined with Theorem 2, the upper
bound for expected cover time can be obtained. More-
over, for some special cases, we can obtain the optimal
bound, as stated in the following corollary.

Corollary 1: When full-range locations are evenly dis-
tributed in the network and d is divisible by n, the cover
time can be bounded as Θ(nd log n

d ).
Proof: Denote the set of locations in [(h− 1)d, hd] as

Rh. Split the sets into two parts, Rh1 = [(h−1)d, (h− 1
2 )d]
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and Rh2 = [(h− 1
2 )d, hd], as shown in Figure 2. Further-

more, denote the set of locations in [(h − 3
4 )d, (h − 1

2 )d]
as Rh11 and [(h − 1

2 )d, (h − 1
4 )d] as Rh22. Note that

Rh = Rh1∪Rh2. Assume that when nodes in Rh11 arrive
at location hd first before (h− 1)d as a trial. Also a trial
when nodes in Rh22 arrive at location (h−1)d first before
hd. When both trails happen, Rh is covered. Assume
the time as C(k) when k different trials happen. When
a node is at Rh11 or Rh22, according to the Gambler’s
Ruin Problem, a trial will happen with probability at
least 1

4 . The maximal expected time for such a trial is
d2

4 , when the node is at location (h− 1
2 )d. Now we will

determine the time needed for a different trial happen
when there are k different trials happened. For every d2

4
timeslots, the node will arrive at a full-range location at
least once and it will jump to a interval still uncovered
with probability 2l−k

2l . Therefore, the expectation time for
a different trial is at most 4 · 2l

2l−k · d2

4 = 2ld2

2l−k .

Cov(n) =
2lX

k=1

(C(k)− C(k − 1))

≤
2lX

k=1

2ld2

2l − k

= 2ld2 log 2l

= 2ld2 log
2n

d
.

(17)

Therefore, when d = Θ(n), the expected cover time
is on the same order with hitting time which shows its
tightness.

3.3 Stationary Distribution
In this subsection, we will study another main property
resulting from location-based mobility, i.e, stationary
distribution of nodes. Different from the conventional
uniform mobility pattern that leads to a uniform dis-
tribution, we may obtain a non-uniform result when
location heterogeneity is taken into account. We consider
the network as a ring to avoid boundary effect. Also,
we only study the evenly distributed scenarios here,
since it is impossible to compute the exactly stationary
distributions for the general scenarios, especially in large
scale networks.

According to Theorem 1.5.6 and Theorem 1.7.7 in [26],
there exists a unique stationary distribution satisfying
the balanced equations:

πi =
X

j,i∈N(j)

πj

dj
, (18)

where πi is defined in Section 2.

Fig. 2. The network division for computing cover time.

With regard to the present model, it is easy to see
that πi = πi+d or πi = πi−d holds for all the locations.
Therefore, all the full-range locations share the same
stationary distribution. And we only need to consider
the case in the range of [0, d− 1]. For location v0, it acts
as the neighbor of both n

d full-range and two nearby
locations. Thus, the stationary distribution of v0, denoted
by π0, can be expressed as

π0 =
1

n
π0 ·

n

d
+

1

2
(π1 + πn−1)

=
1

d
π0 + π1

(19)

where the equality is also due to the symmetry. Also, we
can derive π1 = 1

dπ0+
1
2π2 which is equal to πd−1. For any

2 ≤ i ≤ d− 2, we have πi =
1
dπ0 +

1
2 (πi−1 + πi+1). Using

these equations, we are able to derive, the corresponding
stationary distribution πi = iπ0− i2

d π0, for all i ∈ [1, d−1].
Note that these equations are subject to the constraintPd−1

i=0 πi =
d
n . Therefore, we have

πi =

¨ 6d
(d2+5)n , i = 0
6i(d−i)
(d2+5)n , ∀i ∈ [1, d− 1]

. (20)

4 LONG-RANGE LOCATIONS

Our observations in previous sections imply that the
hitting time is strongly affected by the existence of full-
range locations. Note that in the case of full-range loca-
tions, the first hitting time for each full-range location is
the same, while it is different in the case for long-range
locations. Therefore, it still remains unclear how the
hitting time performs in the case of long-range locations.
The long-range locations herein refers to the scenario
that nodes can move to a location nearby within a given
distance. To address the problem, we first analyze the
random walk with the same neighboring range for all
the locations and then give a further investigation on the
impact of location heterogeneity. It will be shown that
the hitting time and crossing time can also be greatly
enhanced if long-range locations are evenly distributed
in the network.

4.1 Mean First Crossing Time
We first focus on first crossing time. Recall that C[i] is
the expected crossing time for a node starting at vi to
firstly move across vn or v−n. And the following lemma
presents the property of C[i]. Different from the full-
range location scenario, it is difficult to obtain the exact
expression for long-range location scenario. Fortunately,
we can get both its upper bound and lower bound which
are at the same order.

Lemma 3: Given the network range [−n, n] and the
condition that nodes at each location can move to a
location nearby within distance d, the crossing time can
be expressed in order sense as

C[0] = Θ(
n2

d2
). (21)
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Proof: The expected first crossing time can be denot-
ed as

C[i] =

8>>>>><
>>>>>:

1 + 1
2d

i−1P
j=−n

C[j] + 1
2d

i+dP
j=i+1

C[j], ∀i ≤ −n+ d

1 + 1
2d

i−1P
j=i−d

C[j] + 1
2d

nP
j=i+1

C[j], ∀i ≥ n− d

1 + 1
2d

i−1P
j=i−d

C[j] + 1
2d

i+dP
j=i+1

C[j], otherwise

(22)
where we assume C[j] = 0 when |j| ≥ n for simplicity.

Due to the symmetry of the mobility model, we have
C[i] = C[−i] for all i ∈ [−n, n]. Also note that C[−n] =
C[n] = 0. Taking the summation of C[i] for all i ∈ [−n+
1, n− 1] and rearranging the equation, we can get
n−1X

i=n−d

�
1 +

1

2d

�
C[i] =n− 1

2
+

1

2d

n−1X
i=n−d

(n− i+ d)C[i].

(23)
For 0 ≤ i ≤ j, we can simply conclude C[i] ≥ C[j]

for the reason that it takes a longer time for nodes in
location vi to reach the boundary than those in location
vj . Thus, we have
n−1X

i=n−d

(1 +
1

2d
)C[i]− 1

2d

n−1X
i=n−d

(n− i+ d)C[i]

≥
n−d/4X

i=n−3d/4

(1 +
1

2d
)C[i]− 1

2d

n−d/4X
i=n−3d/4

(n− i+ d)C[i]

≥ 1

16
dC[n− d/4].

(24)
Hence, C[n − d/4] ≤ 16n/d, which implies that nodes

can move from location vn−d/4 to the boundary within
the time less than 16n/d. Based on this conclusion, we
can further obtain a series of similar results such that
nodes can move from location vn−2d/4 to location vn−d/4

or v−n+d/4 within the time less than 16(n − d/4)/d
and etc. And C[0] can then be bounded by taking the
summation on a series of time when nodes cross location
vd/4, vd/2 and etc.

C[0] ≤
4n/dX
i=1

16(n− id/4)

d

≤ 8

d
n · 4n

d

=
32n2

d2
.

(25)

Now we proceed to derive the lower bound for cross-
ing time, shown as follows:

n−1X
i=n−d

�
1 +

1

2d

�
C[i]− 1

2d

nX
i=n−d

(n− i+ d)C[i]

=
n−1X

i=n−d

�
1 +

1

2d
− n− i+ d

2d

�
C[i]

≤ d

2
C[n− d].

(26)

It is easy to show that C[n − d] ≥ n
d . Seemingly,

we can prove the lower bound adopting the similar
techniques in previous analysis, but this is not the case
since Cn−2d[n − d] + Cn−d[n] ≥ Cn−2d[n] where Ci[j]
represents the time that nodes move from location vi
first across location vj or v−j . The reason behind is that
after Cn−2d[n−d] time slots, the node may be at location
vn− d

2
and the time taken to cross the boundary is less

than Cn−d[n]. Note that the maximum range a node at
location vn−2d can reach is location vn after Cn−2d[n− d]
time slots. Therefore,

C[0] ≥ C0[d] + C2d[3d] + ...+ Cn−2d[n− d]

≥
(n−d)/2dX

i=0

n− d− 2di

d

=
n2 − d2

4d2
.

(27)

Both the upper and lower bounds of C[0] are on
the same order. Note that the bounds can possibly be
further improved by a constant through more particular
algorithms but this is out of the scope of this paper.

Lemma 3 considers the crossing time of a network
with all long-range locations. In the following, we con-
sider the location heterogeneity. After proper derivation,
it will be seen that these two scenario share a close
relationship with each other.

Theorem 3: Given the network range [−n, n] and the
condition that nodes in location vi can move to a location
nearby within distance d1, where d1 is divisible by d2,
the crossing time is in the order of

C[0] = Θ(
n2

d21
d22). (28)

Proof: We prove the case when n is divisible by d1.
Otherwise, if n can not be divided by d1, C0[n] will be
smaller than C0[⌊ n

d1
⌋·(d1+1)] and larger than C0[⌊ n

d1
⌋·d1]

which would be the same order. Therefore, this mobility
model can be denoted as

C[i] =

8>>>>>>>>>><
>>>>>>>>>>:

1 + 1
2d1

i−1P
j=i−d1

C[j] + 1
2d1

i+d1P
j=i+1

C[j],

∀ − n+ d1 ≤ i ≤ n− d1, i|d2

1 + 1
2d1

i−1P
j=−n

C[j] + 1
2d1

i+d1P
j=i+1

C[j],

∀i ≤ −n+ d1, i|d2

1 + 1
2d1

i−1P
j=i−d1

C[j] + 1
2d1

Pn
j=i+1 C[j],

∀i ≥ n− d1, i|d2
1 + 1

2 (C[i− 1] + C[i+ 1]), otherwise

(29)

Similar to Equation (10), we can prove that

jd2+d2−1X
i=jd2+1

C[i] =
1

6
d2(d

2
2 − 1)

+
d2 − 1

2
(C[jd2] + C[jd2 + d2]).

(30)
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For all i which is divisible by d2 denoted as i|d2 and
−n+ d1 ≤ i ≤ n− d1,

�
1 +

1

2d1

�
C[i] = 1 +

1

2d1

i+d1X
j=i−d1

C[j]

= 1 +
1

6
(d22 − 1) +

d2
2d1

2d1
d2X
k=0

C[i− d1 + kd2]

− d2 − 1

4d1
(C[i− d1] + C[i+ d1]).

(31)

For all i|d2 and i > n− d1,

�
1 +

1

2d1

�
C[i] =1 +

1

2d1

nX
j=i−d1

C[j]

=1 +
d2
2d1

n−i+d1
d2X
k=0

C[i− d1 + kd2]

+
n− i+ d1

12d1
(d22 − 1)− d2 − 1

4d1
C[i− d1].

(32)
For all i|d2 and i < −n + d1, it is easily to see that

C[i] = C[−i] due to the symmetry.
Taking the summation of (1+ 1

2d1
)C[i] for all i ∈ [−n, n]

and i|d2, after a delicate calculation, we have

n−d2
d2X

i=
n−d1
d2

�
1 +

1

2d1

�
C[id2] ≈S1 +

d2
2d1

n−d2
d2X

i=
n−d1
d2

�
n+ d1
d2

− i
�
C[id2]

(33)
where S1 = Θ(nd2). The proof of this equation will be
given at the end of this proof.

Recall Equation (24) from Lemma 3,

n−1X
i=n−d

�
1 +

1

2d

�
C[i] =n− 1

2
+

1

2d

n−1X
i=n−d

(n− i+ d)C[i].

(34)
Comparing these two equations and using similar ap-
proaches, we can prove that C[0] is on the order of
Θ
�

n2d2
2

d2
1

�
.

The crossing time in this theorem is shown to increase
linearly (inversely) proportional to d22(d21). Also, this
result demonstrates that when the moving ranges of
nearby long-range locations overlap, the crossing time
can be effectively decreased.

Now we are ready to prove Equation (33). Summing
up (1 + 1

2d1
)C[id2] for all i ∈ [− n

d2
, n
d2
], we have

n
d2X

i=− n
d2

(1 +
1

2d1
)C[id2] = S0 + S1 (35)

where S0 and S1 will be specified in the following.

S0 =
d2
2d1

n−d1
d2X

i=
−n+d1

d2

i+
d1
d2X

j=i− d1
d2

C[jd2]

−d2 − 1

4d1

n−d1
d2X

i=
−n+d1

d2

(C[id2 − d1] + C[id2 + d1])

+
d2
d1

n−d2
d2X

i=
n−d1+d2

d2

n
d2X

j=i− d1
d2

C[jd2]−
d2 − 1

2d1

n−d2
d2X

i=
n−d1+d2

d2

C[id2 − d1]

=
d2
2d1

n−d1−d2
d2X

i=
−n+d1+d2

d2

(1 +
2d1
d2

)C[id2]−
d2 − 1

2d1

n−d1−d2
d2X

i=
−n+d1+d2

d2

C[id2]

+
d2
d1

n−d2
d2X

i=
n−d1
d2

(
n+ d1
d2

− i)C[id2]− 2
d2 − 1

4d1

n−d2
d2X

i=
n−d1
d2

C[id2]

=(1 +
1

2d1
)

n−d1−d2
d2X

i=
−n+d1+d2

d2

C[id2] +
d2 − 1

2d1

n−d1−d2
d2X

i=
−n+d1+d2

d2

C[id2]

+
d2
d1

n−d2
d2X

i=
n−d1
d2

(
n+ d1
d2

− i)C[id2]−
d2 − 1

2d1

n−d1−d2
d2X

i=
−n+d1+d2

d2

C[id2]

−2
d2 − 1

4d1

n−d2
d2X

i=
n−d1
d2

C[id2]

=(1 +
1

2d1
)

n−d1−d2
d2X

i=
−n+d1+d2

d2

C[id2] +
d2
d1

n−d2
d2X

i=
n−d1
d2

(
n+ d1
d2

− i)C[id2]

−

n−d2
d2X

i=
n−d1
d2

d2 − 1

2d1
C[id2].

(36)

S1 =2

n−d2
d2X

i=
n−d1+d2

d2

�
1 +

n− id2 + d1
12d1

(d22 − 1)

�

+

n−d1
d2X

i=
−n+d1

d2

�
1 +

1

6
(d22 − 1)

�

=
2n− d2

d2
+

1

6
(d22 − 1)

�
2n− 2d1

d2
+ 1 +

3d1 − 3d2
2d22

�
= Θ(nd2).

(37)

Since
Pn−d2

d2

i=
n−d1
d2

d2−1
2d1

C[id2] is much smaller than

d2

d1

Pn−d2
d2

i=
n−d1
d2

(n+d1

d2
− i)C[id2], we neglect the term in the

following analysis. And in fact, it can also be verified
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from the obtained results that
Pn−d2

d2

i=
n−d1
d2

d2−1
2d1

C[id2] ≤
Θ(nd2). After proper formulation, Equation (35) can be
turned into Equation (33) and thus we can conclude the
proof.

The next theorem claims that in the case without over-
lap among moving ranges, the crossing time will remain
the same order as no long-range location scenario.

Theorem 4: When d2 ≥ 2d1, the crossing time will be, at
least in order sense, the same as that in the case without
long-range locations in the network, i.e., C[0] = Θ(n2).

Proof: Let T1 be the expected time for a node to
move from location d2

2 to location d2 and T2 represent
the expected time that a node moves from location
d2

2 to location d2 or the origin. Note that the latter
process yields to a traditional random walk and therefore
T2 = (d2

2 )2. And when d2 ≥ 2d1, a node have to arrive
at location d2

2 before d2, which means T1 ≥ T2. We can
therefore represent this random walk as

C[id2] = T0 +
1

2
C[(i+ 1)d2] +

1

2
C[(i− 1)d2] (38)

for all − n
d2

+ 1 ≤ i ≤ n
d2

− 1. Here T0 refers to the
expected time for a node to move from a long-range
location to its neighboring long-range positions. Since T0

is greater than T1 and also notice the similarity between
this equation and the traditional random walk, it can be
proved that

C[0] = T 2
0 (

n

d2
)2

≥
�
d2
2

�2 � n

d2

�2

=
1

4
n2.

(39)

Again, we see a good match between both the up-
per and lower bounds for C[0], which can be further
improved by a constant using more specific algorithms.
However, we will not focus on this issue since it goes
beyond the scope of this paper.

4.2 Expected Cover Time
Now we move to the analysis of expected cover time.
Crossing time is the time to cross the boundary of the
network. Since some locations near the boundary has
no neighbor or few neighbors, we assume the line is
wrapped around as a ring to avoid boundary effect. The
cover time apparently will be affected by the number of
long-range locations, their neighbor range, and the dis-
tance between nearby long-range locations. Specifically,
the cover time is summarized in the following theorem.

Theorem 5: Given the network range [0, n− 1] and the
condition that nodes in location vi can move to a location
nearby within distance d1, where i is divisible by d2, the
expectation of cover time is bounded as O(n

2d2

d1
log n

d2
)

and Ω(nd2).
The proof of this theorem will be separated into two

parts, the upper bound and the lower bound as shown
in Lemmas 3 and 4, respectively.

Lemma 4: Given the network range [0, n − 1] and the
condition that nodes in location vi can move to a location
nearby within distance d1, where i is divisible by d2, the
cover time is given by

Cov(G) = O

�
n2d2
d1

log
n

d2

�
. (40)

Proof: Denote the set of locations in [(h−1)d2, hd2] as
Rh where h ∈ [1, n

d2
]. Split the sets into two parts, Rh1 =

[(h− 1)d2, (h− 1
2 )d2] and Rh2 = [(h− 1

2 )d2, hd2]. Further-
more, denote the sets of locations in [(h− 3

4 )d2, (h−
1
2 )d2]

as Rh11 and [(h − 1
2 )d2, (h − 1

4 )d2] as Rh22. Note that
Rh = Rh1 ∪ Rh2. We call the event that nodes in Rh11

arrive at location vhd2 first before v(h−1)d2
as a trial. If

such a trail occurs, Rh2 is covered. We also call it as a
trial when nodes in Rh22 arrive at location v(h−1)d2

first
before vhd2 . If such a trail occurs, Rh1 is covered. When
both trails occur, we can make sure that Rh is covered.

For every Tc = Θ(
n2d2

2

d2
1
) timeslots, the random walk

will cross the network once according to Theorem 3,
which means that the random walk have reached at least
one location vj for every region Aj = [jd1, (j + 1)d1]. At
the moment that a walk just crosses location vjd1 , the
probability that the walk is at region [jd1, jd1 + d2] is
larger than that in other regions in Aj . Similarly, when
the walk just crosses location vjd1+d2 , the probability that
the walk is at region [jd1 + d2, jd1 + 2d2] is larger than
that in other regions in [jd1 + d2, (j + 1)d1 + d2]. Since
n = Ω(d1), the expected times for a walk to cross location
vjd1 and vjd1+d2 are in the same order. Therefore, the
probability that vj belongs to a specifically Rh11 or Rh22

in region Aj is the same, at least in order sense, e.g.,
Θ(d2

d1
). If vj belongs to a region Rh11 or Rh22 in Aj , a

trial will occur with probability of at least 1
3 . Therefore,

for every Tc timeslots, every region Rh1 or Rh2 will
be covered with probability cd2

2d1
where c is a constant

and 0 < c < 1. Denote T (k) as the expected number
of different trails occurred after k · Tc timeslots. Denote
Ti(k) as the number of covered Rh1 or Rh2 in region
[id1, (i+1)d1] at time T (k). For every Tc timeslots, adding
the newly trails happened in every d1 distance, we have

T (k + 1)− T (k) ≥ c

n
d1

−1X
i=0

(2d1/d2 − Ti(k))

2d1/d2

=
c(2n/d2 − T (k))

2d1/d2
.

(41)

Rearranging, we have

T (k + 1)− 2n

d2
≥(1− cd2

2d1
)(T (k)− 2n

d2
). (42)

When k = 4d1

cd2
log 2n

d2
and d1

d2
= Ω(1), we obtain

T (k + 1)− 2n

d2
≥ −2n

d2

�
1− cd2

2d1

�k

≥ −2n

d2
e−2 log 2n

d2 = o(1).

(43)
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Therefore, the expected cover time is at most O(k ·
Tc) = O(n

2d2

d1
log n

d2
).

The upper bound on the expectation of cover time is
greatly impacted by the long-range locations. However,
our another concern left is whether the analytical bound
is tight. In the following we give the corresponding
analysis.

Lemma 5: Given the network range [0, n − 1] and the
condition that nodes in location vi can move to a location
nearby within distance d1, where d1 is divisible by d2,
the cover time is given by

Cov(G) = Ω(nd2). (44)

Proof: The crossing time for the random walk is
Θ(

n2d2
2

d2
1
), which means there are at most Θ(n

2

d2
1
) times that

the random walk covers a region Rh in a crossing time.
If every region Rh has the same probability pc of being
covered, the probability pc will equal to Θ(

n2/d2
1

n/d2
), where

n
d2

is the number of regions. And we denote tc as the
expected number of crossing time needed.

When n2

d2
1
= O( n

d2
), the probability po that a region is

not covered is (1 − pc)
tc when T = tc

n2d2
2

d2
1

. By union
bound, the number of regions that are not covered can
be bounded by

n

d2
(1− pc)

tc =
n

d2
e

tc
pc =

d2
n

= o(1) (45)

when tc = 2
d2
1

nd2
log n

d2
. Therefore, Cov(G) =

Ω(nd2 log
n
d2
).

When n2

d2
1

= Ω( n
d2
), since the crossing time is larger

than Ω(nd2), the cover time should also be Ω(nd2).
Note that one key assumption in previous derivation

is that every region has the same probability of being
covered, which is not the case in random walk. Intu-
itively, the region near the start point will be covered
more frequently than those located far away. Now we
will relax the assumption to tackle this more general
case.

Letting phi as the probability that the region Rh is
covered in the i-th crossing time. Therefore, there exists
a region Rh such that

Ptc
i phi ≤ tcpc. Note that,Y

i

(1− phi) ≤ (1− pc)
tc . (46)

Hence, more time is needed to cover the whole net-
work and thus we conclude our lemma.

Comparing the upper and lower bounds of the cover
times, it can be seen that the two bounds meet when d1 =
Θ(n). Furthermore, a common feature from both bounds
is that the cover time increases linearly with the distance
between long-range locations. And when d2

1

nd2
is large, the

cover time is close to Ω(nd2). In contrast, when d2
1

nd2
is

small, the cover time is more relevant to O(n
2d2

d1
log n

d2
).

This phenomenon comes from the biased probabilities of
different regions being covered. If it biases slightly, the

cover time is close to the lower bound, which can also
be traced from the analysis.

4.3 Stationary Distribution

Due to the symmetry, πi = πi+d2 or πi = πi−d2 for all
locations. Therefore, for all long-range locations, their
stationary distributions are the same. And we only need
to consider the case in the range [0, d2]. Similar to the
analysis in the case for full-range locations, the station-
ary distribution for long-range locations is derived as
follows.

πi =

(
6d2

(d2
2+5)n

, i = 0

(i− i2

d2
) 6d2

(d2
2+5)n

, i ∈ [1, d2 − 1]
(47)

5 MULTIPLE RANDOM WALKS

In this section, we study the issue of multiple random
walks for two primary reasons. First, introducing the
multiple random walks is a potential way to further
decrease the crossing time and cover time in the net-
work, we will show this in following analysis. Second,
multiple random walks have been verified to have a
strong relationship with the relay-and-forward algorithm
in the wireless networks or searching algorithms (e.g.,
[20] and references therein).

We first consider the multiple random walks on the
full-range networks where k independent random walks
start at a full-range location simultaneously. Denote H(k)
as the first hitting time when one of the random walks
hits location vn. And let Hk be the corresponding first
hitting time for the k-th random walk. Then H(k) =
minl=1,...,k Hl.

Theorem 6: Consider the network [0, n] where the full-
range locations are evenly distributed, there are k inde-
pendent concurrent random walks starting from v0, the
expected time for one of the random walks to first hit
location vn is O

�
max( 24ndk , 3d2)

�
.

Proof: Since the expected time for a walk to arrive
at a full-range locations Tl has been bounded as d2, it
is straightforward to prove P (Tl ≤ 2d2) ≥ 1

2 . For every
2d2 timeslots, there are at least k

2 nodes that will arrive
at full-range locations. These nodes will then jump to
any locations in the network independently. Note that
each of these nodes jumps to a location which is at
most d

2 distance to the boundary with a probability
of d

2n , followed by the event that it may arrive at the
boundary in the subsequent d2 timeslots with proba-
bility 1

2 . Therefore, for every 3d2 timeslots, there are
at least k

2 nodes that may arrive at the boundary with
probability d

4n each. Due to their independence between
each other, for every 3d2 timeslots, the probability that
there are one nodes arrives at the boundary is dk

8n . Thus,
H(k) ≤ max( 8ndk · 3d2, 3d2) = max( 24ndk , 3d2). The cover
time can then be bounded by Matthews’ bound.

As shown in [20], the cover time for k traditional ran-
dom walks in one-dimensional networks is n2

log k which
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Fig. 3. Hitting time and cover time
for networks with full-range loca-
tions

10 20 30 40 50
0

0.5

1

1.5

2

2.5

3
x 10

5

k

C
ov

er
 T

im
e

 

 

d=20
d=50
d=100

Fig. 4. Cover time of multiple ran-
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Fig. 5. Crossing time for networks
with long-range locations (d2 = 10)
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Fig. 6. Crossing time for networks
with long-range locations (d1 =
100)
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Fig. 7. Cover time for networks with
long-range locations (d2 = 50)
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long-range locations

means that the gain is log k. However, our result in The-
orem 6 shows that the gain w.r.t. location heterogeneity
can be k, which is much larger than log k.

The analysis of the expected cover time for networks
with long-range locations networks is more complicated
due to its strong coupling. We consider the similar
scenarios as in Theorem 5.

Theorem 7: Consider the network [0, n] where the long-
range locations are evenly distributed. There are k in-
dependent concurrent random walks starting from v0.
When k = Ω(d1

d2
log 2n

d2
), the expected cover time satisfies

O(
n2d2

2

d2
1
) and Ω(nd2

k ).
Proof: The crossing time for a random walk is Tc =

Θ(
n2d2

2

d2
1
). On average, there will be at least k

2 random
walks that cross the network in 2Tc timeslots. It is shown
that a region Rhi is covered with probability of at least
cd2

d1
by a walk in a crossing time. By union bound, the

number of regions that are not covered in 2Tc timeslots
can be bounded by

2n

d2

�
1− cd2

d1

�k/2

=
d2
2n

= o(1) (48)

when k = Ω( 2d1

cd2
log 2n

d2
) and d1

d2
= Ω(1). Note that the

result still holds when d1

d2
= O(1). The result indicates

that when multiple random walks cross the network, it
also covers the network at the same time.

Note that this result can also be proved from another
perspective. The following lemma is quoted from Propo-
sition 17 of Chapter 6 in [25].

Lemma 6: On a regular n-vertex graph, consider K

independent random walks, each starting at a uniform
random vertex. Then the cover time is smaller than
25n2 log2 n

K2 when n → ∞ and K ≥ 6 log n.
Therefore, after twice the length of the crossing time

for a random walk, at least k
2 nodes will have crossed

the network. And these k
2 nodes can roughly be treated

as uniformly distributed in the network. Therefore, to
cover the whole network, the time needed should be
O(n

2 log2 n
k2 ) = O(

n2d2
2

d2
1
) according to Lemma 6.

6 DISCUSSION AND APPLICATION

In this section, we verify our analytical results through
simulations, and meanwhile discuss the impact of loca-
tion heterogeneity in 2-D networks and the applications
of our analytical results.

6.1 Simulation Results
In the simulations, we consider networks with n =
10000. The simulation results are averaged over 100
times. Figure 3 shows the simulation result for full-range
location scenario and illustrates that both hitting time
and cover time will decrease almost linearly with the
number of full-range locations, given that d is divisible
by n. This verifies our analytical results in Theorem 1
and Corollary 1.

Comparatively, multiple random walk is demonstrat-
ed to effectively reduce the cover time under full-range
locations, shown in Figure 4, which also confirms our
theoretical findings in Section V. As a counterpart, Fig-
ures 5 and 6 indicate the crossing time is proportional
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Fig. 9. Hitting time for networks with full-range locations
when d can not be divided by n(n = 1000).

to d−2
1 and d22, respectively. The theoretical results are

expressed as 0.46
n2d2

2

d2
1

and 0.5
n2d2

2

d2
1

respectively, showing
again good consistency with our simulations, which
verify our statement in Theorem 3. Different from the
crossing time, the cover time for networks with long-
range locations is linearly proportional to d2 and inverse-
ly proportional to d1 when d2

1

nd2
is small while it exhibits

little change when d2
1

nd2
is sufficiently large, as suggested

by Figures 7 and 8. Note that here the approximate
equation in Figure 7 is n2d2

30d1
log n

d2
.

In Figure 9, the solid line indicates the numerical result
under the scenario of Theorem 1, and the dash line (y)
represents the analytical curve of the first hitting time in
Equation (6). From Figure 9, it can be seen that the hitting
time is not monotonously increasing when the distance
between two nearby full-range locations increases. When
d can be divided by n, the results fit Theorem 1 well.
When d can not be divided by n, the results can be
explained by Theorem 2. It can also be investigated from
Figure 9 that the hitting time is minimized when full-
range locations are evenly distributed.

6.2 Location Heterogeneity in 2-D Networks

Our findings in one-dimensional networks have already
suggested a great impact of location heterogeneity on
performance metrics. In contrast, we find it has little
impact on some metrics such as first hitting time and
cover time in two-dimensional networks, at least in
order sense. Actually, it turns out that traditional random
walks are almost as optimal as i.i.d mobility in terms of
cover time. The well-known results from the prior study
show that the expected first hitting time for the conven-
tional random walk in the network of [0,

√
n]× [0,

√
n] is

n log n, with the expected cover time being n log2 n [25],
while they are n and n log n for i.i.d mobility models
respectively. Therefore, location heterogeneity can bring
about a gain of at most a polylog(n) factor, if considered
in such case. Next we turn to the stationary distribution

and introduce multiple random walk to further decease
the cover time.

Similar to the one-dimensional case, stationary dis-
tribution also turns out to be non-uniform in two-
dimensional networks. Consider the full-range locations
on the position (i, j) where i and j are both divisible by
d. Due to the symmetry of the network, we consider the
locations in the region [0, d−1]× [0, d−1] and show that

π(i, j) = a

�
(i− d

2
)2 + (j − d

2
)2
�
π(0, 0) + bπ(0, 0), (49)

where a = − 1
d2 and b = 3

2 − 1
d . Also we can get

π(0, 0) = 3d2

(4d2−1)n . Therefore, for all (i, j), π(i, j) = Θ( 1n )
which varies at most a constant compared to traditional
random walk. And this is in sharp contrast to one-
dimensional random walk. The detail proof is presented
in the following.

Since the stationary distribution for the network is
symmetric for every d distance, it is sufficient to only
consider the region [0, d − 1] × [0, d − 1]. Denote π(i, j)
as the stationary distribution for location (i, j). We have
the following relations.

π(i, j) =
1

4
(π(i− 1, j) + π(i+ 1, j) + π(i, j − 1) + π(i, j + 1))

+
1

d2
π(0, 0)

(50)
when (i, j) is not equal to (0, 0), (0, 1), (1, 0), (0, d − 1)
and (d− 1, 0).

Note that the stationary distribution is symmetry
about point (d2 ,

d
2 ), the form of the solution is

π(i, j) = a

�
(i− d

2
)2 + (j − d

2
)2
�
π(0, 0) + bπ(0, 0). (51)

Apply Equation (51) into Equation (50), we can get a =
− 1

d2 . Also note that the boundary points for Equation
(51) are (1, 0) and (0, 1) and

π(0, 0) = π(1, 0) +
1

d2
π(0, 0). (52)

Therefore, we have b = 3
2 − 1

d . Summing up all π(i, j)
in the region,

d−1X
i=0

d−1X
j=0

π(i, j) =
d2

n
. (53)

Finally, we can obtain π(0, 0) = 3d2

(4d2−1)n .
While location heterogeneity has little impact on the

first hitting time of random walk, it can enhance the
performance in multiple random walks in that both
the first hitting time and cover time could be further
decreased. When the number of concurrent independent
random walk is k = Ω(d2 log2 d log n), the cover time is
O(n logn·d2 log2 d

k ). The basic idea behind is that for every
O(d2 log2 d) timeslots, each random walk will arrive at
a full-range location at least once and therefore can
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move to any location in the network which will greatly
decrease the cover time of the network.

More specifically, the expected time to cover a two
dimensional network with side length d is Tc = d2 log2 d
and the expected time to arrive at a full-range location in
networks with side length n is smaller than Tc timeslots.
The underlying reason is that the network is symmetric
and therefore the network with side length n can be
wrapped up into a network with side length d and the
hitting time to arrive at a full-range location remains the
same. Therefore, for every Tc timeslots, a location will
be hit with probability 1

n for an independent random
walk. For lTc timeslots, the probability that a location is
not hit by k independent random walks is smaller than
(1− 1

n )
lk. And when l = Θ(n logn

k ), every location in the
network will be hit by the k independent random walks.

6.3 Applications

As we have mentioned previously, random walk has a
wide applications. Targeting from theoretical perspec-
tive, we will now present a look into the impact of
location heterogeneity on delay-throughput tradeoffs in
large-scale wireless networks.

Consider there are n nodes in the network, with
randomly chosen source-destination pairs such that each
source is exactly a destination of another node. The
major concern lies in the maximum throughput for each
source-destination pair as well as the corresponding
delay, in the long-term. Note that the network setting
is similar to [4] with the only difference being that we
adopt location-based random walk mobility in present
work. Applying the observations we have obtained, we
get the following results.

1. For one-dimensional networks with n
d full-range

locations, the per-node throughput is Θ(1) and the av-
erage delay is Θ(nd) for 2-hop algorithms. Note that the
same throughput result can be informed about tradi-
tional random walk models whereas a larger delay of
Θ(n2) is incurred. If k replications are permitted, the
per-node throughput is Θ( 1k ) and the average delay is
Θ
�
max(ndk , d2)

�
.

2. For one-dimensional networks with long-range lo-
cations, the per-node throughput is Θ(1) and the average
delay is O(n

2d2

d1
log n

d2
) and Ω(nd2) for 2-hop algorithm-

s. If k = Ω(d1

d2
log 2n

d2
) replications are permitted, the

per-node throughput is Θ( 1k ) and the average delay is
O(

n2d2
2

d2
1
) and Ω(nd2

k ).
3. For two-dimensional networks, as we have indicat-

ed, almost the same performance can be informed about
location-based random walk, tradition random walk and
i.i.d mobility, in the case where two-hop algorithms are
adopted. For the case where replications are permitted,
we conjecture that the delay for location-based random
walk would be smaller than that of tradition random
walk when there exists sufficient number of full-range or
long-range locations. The basic idea is that for traditional

random walk, the gain of multiple independent random
walks starting from the same location is negligible due
to their heavy overlapping. However, the extent of such
overlapping can be sharply decreased in the network
where full-range or long-range locations exist, and there-
fore lead to the reduced cover time. We leave this part
as our future work.

7 CONCLUSION

In this paper, we investigate the impact of location
heterogeneity on the first hitting time, crossing time and
cover time of random walks. We incorporate location
heterogeneity into random walk mobility models. We
first analyze these metrics for full-range location scenar-
ios and long-range location scenarios. Then, we study
the impact of multiple random walks and extend to 2-
dimensional networks. We conduct extensive simulation-
s to verify our analytical results.
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