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Abstract—In this paper, we study a unified mobility model for mobile multicast (MotionCast) with n nodes, and k destinations for each
multicast session. This model considers nodes which can either serve in a local region or move around globally, with a restricted speed
R. In other words, there are two particular forms: Local-based Speed-Restricted Model (LSRM) and Global-based Speed-Restricted
Model (GSRM). We find that there is a special turning point when mobility speed varies from zero toq
the
ﬃﬃ scale of network. For LSRM,
as R increases, the delay-capacity trade-off ratio decreases iff R is greater than the turning point ð 1kÞ; For GSRM, as R increases,
0:25
2
the trade-off ratio decreases iff R is smaller than the turning point, where the turning point is located at ðkpﬃﬃn Þ when k ¼ oðn3 Þ, and at
2
k
3
ðnÞ when k ¼ !ðn Þ. As k increases from 1 to n  1, the region that mobility can improve delay-capacity trade-off is enlarged. When
R ¼ ð1Þ, the optimal delay-capacity trade-off ratio is achieved. This paper presents a general approach to study the performance of
wireless networks under more flexible mobility models.
Index Terms—Ad hoc network, mobility, capacity, delay.
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INTRODUCTION

D

and capacity trade-off is a fundamental problem
in mobile ad hoc networks (MANETs). The notion of
capacity is first introduced by Gupta and Kumar [1]. They
found optimal static unicast throughput is ðp1ﬃﬃnÞ, while


1
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n log n
ELAY

for random network. In other words, capacity for each node
declines when the number of nodes increases. Later,
Grossglauser and Tse demonstrated that the per-node
capacity can reach ð1Þ by introducing mobility to the
network in [2]. However, such significant gain is achieved
at the cost of very large delay. Since both capacity and delay
are important factors that determine the performance of a
wireless network, researchers paid great effort in understanding the relationship between them in MANETs,
namely the delay-capacity trade-off.
Delay-capacity trade-off was first studied by Bansal and
Liu [3]. They considered a mobile network with stationary
sources and destinations, and proposed a geographic
routing scheme to approach the optimal capacity. Later
studies, such as Perevalov and Blum [4], studied network
capacity in a delay-limited mobile ad hoc network. Recent
studies, for example, Neely and Modiano [5], presented a
strategy utilizing redundant packets transmissions to
reduce delay at the sacrifice of capacity. They established
the following necessary trade-off: delay=capacity  OðnÞ,
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and developed schemes that can achieve ð1Þ, ðp1ﬃﬃnÞ, and
1
ðn log
per-node
capacity, when the average delay is
nÞ p
ﬃﬃﬃ
ðnÞ; ð nÞ, and ðlog nÞ, respectively. Toumpis and
Goldsmith constructed a better scheme in [6]. Afterwards,
Lin and Shroff [7] searched the optimal delay-capacity
trade-off and identified the limiting factors of the existing
scheduling schemes in MANETs.
One type of work within the delay-capacity trade-off is
searching the impact of different mobility models. I.i.d
mobility model is the most common and simplest one, thus it
has been adopted in many papers, such as [5], [6], [7]. Under
this model, each node can move to everywhere in the
network area, with uniform probability, and independent of
each other. However, in real cases, the node cannot move so
fast as it does in i.i.d and i.i.d pattern ignores the mutual
dependency and time dependency. So people began to study
more realistic mobility models. These include random
waypoint mobility model [8], [18]; Brownian mobility model
[8], [17], [14]; Random walk mobility model [14], [19]; and
Markovian mobility model [5], [15]. In [20], [21], they also
study the impact of correlated mobility in MANETs.
When many researchers designed various mobility
models to improve the performance in wireless ad hoc
networks, people started to consider if there exists a global
result that is applicable for all kinds of mobility. Sharma
et al. [16] raised a global perspective on delay-capacity
trade-off in MANETs. In their paper, a notion called critical
delay was introduced to explain the nature of node mobility.
The result provided a more general understanding of delaycapacity relationship in MANETs.
Another type of work is considering different traffic
patterns. Being a more general scheme compared to unicast,
multicast scheme and its delay-capacity trade-offs have been
studied by many researchers. Li et al. [9] studied the capacity
of a static random wireless ad hoc network for multicast.
Under protocol interference model, they showed that the per1 ﬃpﬃﬃ
node multicast capacity is ðpﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Þ when k ¼ Oðlogn nÞ,
n log n k
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Fig. 1. Curve of the relationship between D=C trade-off and R in LSRM.

while the per-node multicast capacity is ðn1 Þ when
k ¼ ðlogn nÞ. In other studies such as [12], Jacquet and
Rodolakis considered multicast capacity by accounting the
ratio of the total number of hops for multicast and the average
number of hops for unicast, and Shakkottai et al. proposed a
comb-based architecture for multicast routing which
achieved the upper bound of capacity in [13]. KeshavarzHaddad et al. studied capacity in broadcast network in [11],
which is a special case of multicast. In [23], [24], they study
unicast and multicast traffics under Gaussian Channel,
respectively. The results obtained can be utilized to better
predict the achievable capacity of multicast in a more
practical scenario. Very recent study, Hu et al. showed that
by two-hop relay strategy, the expectation of delay is no less
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
than ð n log kÞ when mobility is introduced and the delay of
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Oð n log kÞ is attainable in a proposed scheme with the pernode capacity of


1
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k n log k
in [10]. These results are based on certain mobility models,
and therefore they cannot evaluate the network performance when mobility models are in intermediate cases.
In this paper, we present a study considering delaycapacity trade-off for mobile multicast (MotionCast) under
general Speed-Restricted mobility models, and focus on
how the restricted speed influences delay-capacity trade-off
ratio in multicast. We introduce two forms of SpeedRestricted mobility models, under which nodes serve
locally or move globally. And we call them Local-based
Speed-Restricted Model (LSRM) and Global-based SpeedRestricted Model (GSRM), respectively. We note that in real
situations, the restricted mobility speed can also be treated
as the restricted range R, in which nodes can move within a
single time slot.
Our observation shows that if mobility speed R is
located in a specified region, the delay-capacity trade-off
can be improved by the increasing R, otherwise the delaycapacity trade-off keeps stable. The relationship between
D/C1 trade-off ratio and R are different under LSRM and
GSRM. Moreover, we find that there is a certain turning
1. D/C stands for Delay/Capacity.
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Fig. 2. Curves of the relationship between D=C trade-off and R in
GSRM. The upper line and Improvement Region labeled on the top are
2
for k ¼ oðn3 Þ. The lower line and Improvement Region labeled on the
2
bottom are for k ¼ !ðn3 Þ.

point, which depends on k, and the increasing R can
improve D/C trade-off only when R is greater or less than
this turning point.
Our main contributions are summarized as follows:
.

Under LSRM,
we find that there is a turning point at
qﬃﬃ
R ¼ ð k1Þ as shown in Fig. 1. When R is smaller
than this turning point, the delay-capacity trade-off
keeps unchanged; When R is larger than that, such
trade-off is improved as R increases.
. Under GSRM, our result shows that the delaycapacity trade-off is divided into two cases depending on k, each of which has a turning point as well.
2
Specifically, 1) for k ¼ oðn3 Þ, the turning point is
0:25
located at R ¼ ðkpﬃﬃn Þ as in Fig. 2. Before this turning
point, the delay-capacity trade-off is improved as R
increases. After that point, such trade-off remains
2
the same; 2) For k ¼ !ðn3 Þ, the turning point is
located at R ¼ ðnk Þ. The phenomenon brought by
this turning point is the same as that in the
qﬃﬃ first case
except for another point at R ¼ ð 1kÞ, which
separates different descending rate on either side.
. For both LSRM and GSRM, speed R can improve D/
C trade-off in a wider region as k increases, shown as
the “Improvement Region” in Figs. 1 and 2.
Particularly, in unicast, i.e., k ¼ 1, the D/C tradeoffs always keep stable and they are not influenced
by mobility speed R. In contrast, in broadcast,2 i.e.,
k ¼ n  1, the D/C trade-offs always decrease with
the increase of mobility speed R.
The rest of paper is organized as follows: In Section 2, we
describe the network model. In Section 3, we define
redundancy and find out how it influences the throughput
capacity. In Section 4 and 5, we study delay-capacity tradeoff under LSRM and GSRM, respectively. In Section 6, we
discuss our findings. Finally, we make conclusion and
establish future work in Section 7.
pﬃﬃﬃ
2. Because the turning point now is ð1= nÞ, which is just the origin of
the coordinates.
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Fig. 4. GSRM.

Fig. 3. LSRM.

2

3

NETWORK MODEL

2.1 Transmission Model
In our paper, we assume a similar transmission protocol
model raised in [1], it is derivative from a widely used
physical interference model as Shannmon Capacity:
C ¼ W log2 ð1 þ SINRÞ;
where SINR is the signal to interference and noise ratio.
And our proposed model is identical to this famous model,
which is also proved in [1]. The whole network is placed in
a 1  1 sized square area, with totally n nodes. All of these
nodes are uniformly and randomly deployed at the very
beginning. We use protocol interference model, which
means node vi can transmit data to node vj , iff their mutual
distance satisfies dðvi ; vj Þ < r. And any other node vk 6¼ vi ; vj
that within vj ’s transmission range, namely dðvk ; vj Þ < r,
cannot transmit simultaneously. We assume that each node
transmits exactly one packet to exactly one receiver in a
single time slot, if this node is permitted to transmit and
transmission errors can be avoided if the transmission
protocol is satisfied. The sending node cannot transmit a
fraction of one packet. We also do not consider network
coding strategy so that a sender cannot transmit data to
various receivers in a same time slot.
We assume that the buffer size is infinity in all wireless
nodes. So each node can keep the packets it has received for
quite a long time. The packets are held in the buffer until
they are no longer needed to be transmitted to any other
nodes. This assumption indicates that each node will never
receive a same packet more than once.
Another important assumption is that the network uses
critical transmission range. Many studies, such as [1], [2],
[5], [9], [10], used critical transmission range as real
transmission range. Note that the smallest transmission
range may not always result in optimal performance. For
example, Lin and Shroff discussed larger transmission
range can sometimes reduce the network delay-capacity
trade-off ratio in [7]. Note that the reason for us to utilize
this model is that the problems raised in this paper is to
study asymptotic capacity and delay trade-offs, thus we can
assume a constant radio transmission range. Because even if
the power of radio is not identical, we can utilize a constant
c0 and c1 to upper bound and lower bound the power, and
this can merely affect our results up to a constant factor,
which would not affect the order of our results.

2.2 LSRM
We propose a Speed-Restricted Model (SRM) which has
two particular forms. In both of them, the speed of nodes

are restricted by R. Suppose nodes are distributed
uniformly and randomly at the beginning. For LSRM, they
can only move within their own circle area centered at their
initial position at each time slot. We set the radius of these
circles as R so that the mobility speed of nodes is restricted
by R (See Fig. 3).
Assume each node can move i.i.d within its own circle.
So it can be treated as a small scaled i.i.d mobility pattern.
Notice that when the radius reaches ð1Þ, the corresponding mobility
model
is i.i.d, and when the radius is restricted
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
as Oð log n=nÞ, the network is equivalently stationary.3
Thus, we can unify these two mobility patterns by LSRM.
The LSRM requires all the nodes must stay in a certain
area, which indicates that the moving areas of the source
and the destination may not overlap. Therefore, relays are
required in this pattern. Intuitively, the whole route is
covered by a chain of circles, with every two adjacent
circles overlap.

2.3 GSRM
In LSRM, the centers of all circles where nodes move around
are fixed after the nodes have been initially deployed.
However, in GSRM, we also let the centers of these circles
move. They are the positions of the nodes in the previous
time slot. Since speed is restricted by R, the radius of these
circles are also R. Nodes can move to any point of the current
circles in uniform probability at each time slot.
Obviously, all the nodes can reach the whole network
region in this model, but the distance of each hop is
restricted by R. Notice that
when R is zero, the network is
pﬃﬃﬃﬃﬃﬃﬃﬃ
stationary; when R ¼ ð 1=nÞ, the mobility model can be
treated as Markov Model;4 when R ¼ ð1Þ, the corresponding mobility pattern comes to i.i.d again. Fig. 4 shows the
movement of three different nodes.

3

FUNDAMENTAL THEOREMS OF CAPACITY AND
DELAY

In this section, we provide some fundamental theorems that
are essential throughout the whole paper. First, we find out
the relationship among redundancy, critical transmission
range, and capacity. Therefore, we can divide each problem
3. Connectivity
can be guaranteed when the transmission range
qﬃﬃﬃﬃﬃﬃﬃ
r ¼ ð logn nÞ, which is proved in original work. Therefore, when
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R ¼ Oð logn=nÞ, the node can be regarded as stationary because each
node is within the transmission range of a certain chosen node w.h.p.
4. The reason is provided in [17].
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about capacity into two subproblems, one is about
redundancy and the other is about critical transmission
range. Besides, we prove some frequently used lemmas and
theorems in this section.

3.1 Definition of Redundancy
Redundancy is an important concept in wireless network.
The same packet maybe transmitted more than once. This
could be three reasons: multihop, data-copy, and multicast
scheme. We define redundancy as the average number of
transmissions for each packet in the network.
Multihop is commonly used in stationary network.
When the source and the destination are so far separated
that such distance exceeds the source’s transmission range,
relays are necessary. A group of relays are chosen from the
network and then form a chain route for the packet
traveling from the source to the destination. Actually, in
the network if nodes cannot traverse to every position in the
network area, multihop is necessary. When the chain is
composed of one source, one destination, and m  1 relays,
the packet will be transmitted for m times, and the
redundancy is therefore m.
Data-copy is another kind of redundancy, which is
widely used in mobility network, such as i.i.d network. In
MANET, if the source transmits data to the destination by
ceaseless moving until their separation distance is shorter
than transmission range, it takes very long time to finish a
session when the transmission range is small. To reduce the
delay, we choose a group of nodes as relays. The source
hands out its packet to all these relays. Since there is much
more chance for the destination to meet many relays than to
meet a single source, the overall delay decreases. Suppose
each source hands out its packet to m  1 relays, and the
packet is transmitted for m times, including m  1
transmissions for handing out and once for one of the
relays transmits the packet to the destination.
Different from unicast, redundancy can also happen in
multicast networks. The multicast network requires each
packet has k different destinations. Obviously, there are at
least k transmissions in each session even no multihop and
data-copy are used. That is why the capacity of multicast
network is lower than that of unicast network.
Consider any ad hoc network, a session starts with
packet P . Let vs denote the source that emits P . Let ðvi ; vj Þt
denote the transmission pair where node vi transmits
packet P to node vj at time slot t. Consider the set of all
transmission pairs that transmit packet P : EP ¼ fðvi ; vj Þt g.
And then, jEP j is the redundancy for packet P . However, if
we consider different sessions, ðvi ; vj Þt1 and ðvi ; vj Þt2 are
different transmission pairs when t1 6¼ t2 .
Consider the set of edge EP ¼ fvi vj j9t > 0; ðvi ; vj Þt 2 EP g
and the set of vertex VP contains all the points that perform
as senders or receivers in EP . The graph GP ðVP ; EP Þ
therefore presents the transmission flow for packet P . Each
packet has its own transmission flow, and the number of
redundancy is the number of nodes in graph GP . GP has
following characteristics (proved in Technical Report [7]):
.

jEP j ¼ jEP j. We only need to prove that the pairs
ðvi ; vj Þt1 and ðvi ; vj Þt2 cannot both exist in jEP j. In fact,
if we assume t1 < t2 , node vj will have already
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holden packet P at time slot t2 . So transmission pair
ðvi ; vj Þt2 is meaningless.
. GP is connected. Because only vs produce the packet
P . If GP is not connected, the nodes that are not
connected to vs will have no opportunity to get
packet P .
. All nodes except vs in GP has input degree one.
Since buffer size is infinity in each wireless node,
once a node get packet P , it will hold it until the
entire session for P accomplishes, and therefore no
longer need to receive P from another sender.
. GP is a tree. We only need to prove there are no rings
in GP . If there exists one, ðv1 ! v2 !    ! vk ! v1 Þ.
Suppose v1 is the first one that gets the packet P ,
then vk must gets packet P later than v1 , so
transmission pair ðvk ; v1 Þ is not necessary.
To sum up, although there are various situations that
may require redundancy in transmissions, the essence of
redundancy is the same: the number of direct transmissions
with same packets, or the size of transmission flow tree for
each packet. In the next part, we will figure out the
relationship between redundancy and network capacity.

3.2 Redundancy Influences Network Capacity
In the previous part, we discuss the format of redundancy in
all kinds of wireless ad hoc networks. In this part, we study
the relation between redundancy and network capacity.
First, we recall the definition of network capacity. The
overall network capacity is the average number of packets
that can be transmitted simultaneously in the network.
However, in most cases, all transmission pairs serve
different packets (i.e., m ¼ 1) is impossible. Just as we
mentioned in the previous part, redundancy is necessary in
many situations.
Theorem 3.1. The network capacity is inversely proportional to
the redundancy. Suppose there are ns transmission pairs
available in each time slot. Then, the whole capacity is ðnms Þ if
the redundancy for each packet is m.
Proof. We consider the network has been working for T time
slots. Then, the network provides ns T peer-to-peer
transmissions pairs for us (same pair in different time
slots are regarded as different pairs). Notice that every
successful source-to-destination transmission needs average m peer-to-peer transmission.5 Therefore, there are
utmost nms T transmissions can be achieved during these T
time slots. Then, let T goes to infinity, the per-node
capacity is the average number of source-to-destination
transmissions in the network, namely c ¼ ðnms Þ.
Then, we will try to find a scheduling scheme to
achieve this upper bound. There must exist an algorithm
that can make full use of ns T transmission pairs in T
time slots. Suppose we can know all these transmission
pairs and write them in a data array, which is sorted by
their happening time. Then, our scheduling algorithm is
designed as follows:
.

Step 1: First we sort the sessions according to its
arrival time. We place a higher prior to sessions

5. We must allow for m duplicates of the packet according to our scheme
and every additional duplicate requires a successful transmission.
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.

beginning earlier than those beginning later. For
instance, if two transmission pair ðvi ; vj Þ 2
Sessionm and ðvk ; vl Þ 2 Sessionn , respectively,
and Sessionm begins earlier than Sessionn , then
Sessionm is higher than Sessionn . And the transmission pair ðvi ; vj Þ is also higher than ðvk ; vl Þ.
Step 2: Then, we sort all the transmission pair in
the same session Gp , traverse every transmission
pair from the root to leaves with width search.
Then, we obtain a list of visiting sequence and
assume pair ðvi ; vj Þ is in the mth position in the
sequence and ðvk ; vl Þ in the nth position, if m < n,
then we place a higher prior to ðvi ; vj Þ than ðvk ; vl Þ.
Step 3: In every new time slot, we would search a
set of ns transmission pairs in the data array
according to the priorities which also satisfy the
transmission protocols. After transmission, we
would remove it from the data array until the
array is empty. Assume that each session can at
most last T0 ¼ oðmÞ sessions, then if T is large
enough, the achievable capacity is
n 
ns T  ns T0
s
¼
:
T !1
Tm
m

C ¼ lim

Therefore, under this algorithm, and let T go to
infinity, each transmission pair can serve one packet
for communication. The network resource is therefore
fully used.
u
t

3.3

Critical Transmission Range Influences Network
Capacity
In the previous part, we know that the redundancy is
inverse proportional to the network capacity, namely
c ¼ ðnms Þ. In this part, we find out the value of ns , which
is determined by critical transmission range r.
Critical transmission range r is an essential concept in ad
hoc wireless network. We define this range as the minimum
transmission range that can make the network connected
w.h.p. We call a network connected if there is no subset S of
the node set V , such that every node vi 2 S and vj 2 S are
separated larger than r, namely dðvi ; vj Þ > r.
qﬃﬃ
1
The
q
ﬃﬃﬃﬃﬃﬃﬃcritical transmission range varies from ð nÞ to
log n
ð
n Þ, which are feasible in i.i.d mobility network [5]
and stationary network [1], respectively. The cause of
variation between critical transmission ranges is mobility,
namely mobility can improve connectivity.
According to the definition of transmission range and
protocol interference model, when a sender vi is sending
data to a receiver vj , all other nodes that within vj ’s
transmission area cannot send packet at the same time. In
other words, there only exists one transmission pair in vj ’s
transmission area. In Fig. 5, we show that the total number
of transmission pairs is determined by the number of
nonoverlapping circles with radius r in the whole network
area. The following theorem determines the number of
nonoverlapping circles.
Theorem 3.2. We can choose at most ðr12 Þ nodes from the
network w.h.p so that the circles that are centered at the chosen
nodes with radius r do not overlap to each other.

5

Fig. 5. Nonoverlapping circles.

Proof. We divide the proof into two steps. First, we consider
the upper bound. The area for each active circle is r2 .
Therefore, the number of nonoverlapping circles cannot
exceed r12 . The upper bound is ðr12 Þ.
Then, we come to the lower bound. Assume the
network area, a unit square is separated into subsquares
with side length 3r. Then, there are totally 9r12 subsquares. Then, we divide one of the subsquare into nine
squares with side length r. If a node whose central point
is located in the central square, it is obvious that this
node’s entire active area is within the subsquare.
Then, there are totally 9r12 central squares. We only
need to prove that ð9r12 Þ of them contain at least one
node in it. Since the nodes are deployed randomly and
uniformly into the network area, the probability that no
nodes inside one of the central square is


1 n 1
ð1  r2 Þn < 1 
! :
n
e
Notice that this probability goes
qﬃﬃto a constant when n
goes to infinity. And we use r > n1 because the radius r
need to be larger than average distance between adjacent
nodes. For each cell, the probability that the cell contains
at least one node is no less than 1  1e . Therefore, there
e1
are 9er
2 central squares can contain at least one node with
high probability. Thus, the lower bound is also ðr12 Þ.
Then, the theorem is proved.
u
t
According to Theorem 3.2, the number of nonoverlapping circles with radius r in the network area is ðr12 Þ. Then,
the number of transmissions that can be maintained
simultaneously is also ðr12 Þ. If there is no redundancy, the
overall network capacity is bounded with ðr12 Þ.

3.4

Relationship among Critical Transmission
Range, Redundancy, and Capacity
In the previous two parts, we show that network capacity c
and redundancy m have relation c / m1 , while network
capacity c and critical transmission range r have relation
c / r12 . When there is no redundancy, namely for each data
packet P , there are only one source, one destination, and no
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relays, the overall capacity is ðr12 Þ. When the redundancy is
m, each packet need m transmission pairs, so the capacity
has a factor of m degeneration. The relationship between
redundancy m, per-node capacity c, and critical transmission range r can be displayed as follows:


1
c¼
;
ð1Þ
nmr2
where n denotes the total number of nodes. Equation (1)
shows us a general way to determine network capacity. So
we only need to determine the redundancy and critical
transmission range, which is much simpler. This equation
is applicable for many kinds of wireless ad hoc networks,
e.g., [1], [5], [9], [10]. We evaluate their results by our
formula as follows.

3.4.1 Stationary Unicast Network
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that only the source can meet the destination, data-copy
provides larger probability and therefore requires shorter
delay. In this part, we study how data-copy influences
capacity and delay in i.i.d network.
For unicast, let vs denote the source, vd denote the
destination, and r1 ; r2 ; . . . ; rm denote m relays. Consider
these relays’ transmission area r1 ; r2 ; . . . ; rm , which are
all circular with radius r. These m circle areas form a
combined area  ¼ r1 [ r1 [    [ rm . The event that vd
can receive data from one of the relay is equal to the event
that vd is inside . By determining the area of , namely
SðÞ, we can know the probability that the destination node
can receive packet.
qﬃﬃ
Theorem 3.3. If r ¼ ð

1
nÞ,

m < n, then SðÞ ¼ ðmr2 Þ.

Proof. First consider the upper bound. Obviously, we have

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
In [1], author shows the per-node
qﬃﬃﬃﬃﬃﬃﬃcapacity is ð n log nÞ.
The number of hops q
isﬃﬃﬃﬃﬃﬃﬃ
ð logn nÞ. And the critical
log n
transmission range is ð
n Þ. Thus, (1) is satisfied.

SðÞ ¼ Sðr1 [ r1 [    [ rm Þ
 Sðr1 Þ [ Sðr1 Þ [    [ Sðrm Þ

3.4.2 Stationary Multicast Network
The stationary multicast network is quite similar as that of
the unicast scheme. The only difference is that the
transmission route is no longer a chain but a tree. And
the redundancy is just the size of the spanning tree. In [9],
theqauthor
ﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃproved that the tree size is on the order of
ð logn n  kÞ when k ¼ Oðlogn nÞ. Since the critical transmission
range is only based on the deployment, so it is
qﬃﬃﬃﬃﬃﬃﬃ
log n
ð
n Þ, as well as the unicast case and (1) is still satisfied.

Then, we consider the lower bound. For m ¼ ð1Þ, we
have SðÞ > Sðr1 Þ ¼ r2 .
For m ¼ !ð1Þ, since relay nodes r1 ; r2 ; . . . ; rm are
uniformly distributed in the network area, we can divide
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
the whole network area into m  m cells. For each
cell, the probability that it does not contain any of these
m relays is ð1  m1 Þm ! 1e , which is a constant. According
to Law of large numbers, the number of cell that contains
relay nodes is on the same scale of the total number of
cells, namely ðmÞ. If m ¼ oðnÞ, since Sðrj Þ ¼ r2 ¼
ð1=nÞ ¼ oð1=mÞ, which indicates that the area of circle
is much smaller than the area of single cell. Thus, we can
treat the circles that are located in different cells do not
2
2
overlap. Then, we have
qﬃﬃﬃ SðÞ > ðmÞ  r ¼ ðmr Þ; if
1
2
m ¼ ðnÞ, we have m ¼ ðr Þ, then if one cell contains
at least one relay node, it will be covered at least
2
minðm1 ; r4 Þ. Therefore, SðÞ > ðmÞ  ðr2 Þ ¼ ðmr2 Þ.
So the lower bound is proved. To sum up, SðÞ ¼
u
t
ðmr2 Þ.
Then, the following theorems show how data-copy
strategy influences network capacity and delay.

3.4.3 The i.i.d Network
In [5], the result is that the per-node capacity is ð1Þ; ðp1ﬃﬃnÞ,
1
and ðn log
nÞ when the delay constraint is on order of ðnÞ,
pﬃﬃﬃ
ð nÞ, and ðlog nÞ, respectively. Notice thatqthe
ﬃﬃ critical
transmission range of i.i.d ad hoc network is ð n1 Þ. And its
redundancy, however, entirely depends on data copies with
one-hop and two-hop strategy, while has a factor of ðlog nÞ
in multihop strategy.
The redundancy of one-hop strategy, for example, is ð1Þ
for there are no redundancy at all. Therefore, according to (1),
the corresponding per-node capacity is ð1Þ.
When using two-hop p
strategy,
the author shows the
ﬃﬃﬃ
number
of
data
copies
is
n
.
The
redundancy
is therefore
pﬃﬃﬃ
n as well. Obviously, (1) still holds.
Finally, consider the multihop strategy. One specialty is
that the number of hops is no longer a constant, and therefore
should be considered. Notice that the flooding algorithm is
used in this model, the source node need to sent its packet to
all the other n  1 nodes, so the number of data copies is
ðnÞ. Then, the overall redundancy is the combination of
data copies redundancy and multihop redundancy, namely
ðn log nÞ. This can explain why the per-node capacity is
1
ðn log
nÞ for multihop strategy in i.i.d ad hoc network.
3.5

Data-Copy Influences Capacity and Delay in i.i.d
Networks
In MANET, we can use data-copy strategy to reduce delay
by sacrificing some capacity. Compared with the strategy

¼ mr2

ð2Þ

¼ ðmr2 Þ:

Theorem 3.4. Consider a unicast network with per-node capacity
c and delay d, under i.i.d mobility model and with no datacopy. If we use m-data-copy (m ¼ oðnÞ), the delay is ðmd Þ,
and the per-node capacity is ðmc Þ.
Proof. According to (1), the network capacity is in the
inverse proportion to the redundancy. Therefore, the
per-node capacity is ðmc Þ.
Then, we consider delay. The total delay is composed by
two steps. In the first step, the source node broadcasts its
packet to m relay nodes,6 this step takes 1 time slot. In the
second step, m relays continue to move until one of which
meet the destination node. According to Theorem 3.3, the
6. A proper transmission radius can help to achieve this goal because a
larger transmission range can result in a larger number of nodes receiving
the packet.
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area that m relays can transmit data is m times larger than
the area that the source node can transmit data, namely
SðÞ ¼ ðmr2 Þ ¼ m  ðr2 Þ. Then, the probability for the
event that the destination node can get the packet is m
times larger after we use m-data-copy strategy, and
therefore the delay will decrease by m times. Thus, the
delay for second step is ðmd Þ. So the total delay is on the
u
t
order ðmd þ 1Þ ¼ ðmd Þ.
Theorem 3.5. Consider a k-multicast network with per-node
capacity c and delay d, under i.i.d mobility model and with no
data-copy. If we use m-data-copy (m ¼ oðnÞ), the delay is
kd
kc
Þ, and the per-node capacity is ðmþk
Þ.
ðmþk
Proof. According to (1), the network capacity is in the
inverse proportion to the redundancy. Because the
redundancy of k-multicast with data-copy scheme is k þ
m while that without data-copy scheme is k. The perkc
Þ.
node capacity is ðmþc
Then, we consider delay. Compare the average delay
to meet a new destination with either schemes, assume
m0 destinations have received the packet. Let d0 denote
the average delay for unicast without data-copy. For
non-data-copy scheme, there are totally 1 þ m0 packet
holders and k  m0 unsent destinations. Therefore the
d0
average delay to meet a new destination is ððm0 þ1Þðkm
0 ÞÞ.
For data-copy scheme, there are totally m þ m0 þ 1
packet holders and k  m0 unsent destinations. So the
d
average delay for a new transmission is ððmþm0 þ1Þðkm
0 ÞÞ.
0
By summing up all the terms as m vary from 0 to k  1,
the Theorem holds.
u
t

4

CAPACITY AND DELAY IN LSRM

In this section, we study the performance of network under
LSRM. We mainly discuss multicast scheme. When k is set
as 1, the result can cover that in unicast. Our result can also
cover that in stationary unicast network [1], stationary
multicast network [9] and i.i.d unicast network [5].
We have the following main results in this section:
.

.

.

For R ¼ Oðp1ﬃﬃkÞ, non-data-copy scheme, per-node
capacity is
!
R
 pﬃﬃﬃ
;
k logð1=RÞ
nR
Þ.
and delay is ðlogð1=RÞ
1ﬃﬃ
p
For R ¼ Oð kÞ, data-copy scheme, per-node capacity
is
!
R
pﬃﬃﬃ
;

m k logð1=RÞ
nR
and delay is ðm logð1=RÞ
Þ.
1
For R ¼ ðpﬃﬃkÞ, non-data-copy scheme, per-node
capacity is


1

;
k logð1=RÞ

and delay is


n logðkR2 Þ
:

kR logð1=RÞ
.

For R ¼ ðp1ﬃﬃkÞ, data-copy scheme, per-node capacity is


1

;
ðk þ mÞ logð1=RÞ
2

.

n logðkR Þ
and delay is ððkþmÞR
logð1=RÞÞ.
When k ¼ 1, the answer is for unicast scheme.

4.1 Generalized Transmission Range
Generalized transmission range is defined as the largest
range that nodes can communicate via mobility. This range
consists of radius of moving area and node’s transmission
range. Since the radius of active area is much larger than
transmission range itself, we simply regard the node’s
transmission range as the radius of active area.
When transmission range R is settled, we have to find
out how many nodes can this node communicate directly.
Since the network is deployed randomly and uniformly, the
average number of nodes inside an active area is nR2 .
However, we cannot ensure there are nR2 nodes in the
area w.h.p for all active areas. Under this circumstance, it is
hard to determine how many nodes are available in
scheduling algorithm, and p
the
ﬃﬃﬃﬃﬃﬃﬃﬃnetwork may not be
connected w.h.p when r ¼ ð 1=nÞ.
2

nR
Þ nodes are placed
Theorem 4.1. We can ensure at least ðlogð1=RÞ
in a circle with radius R w.h.p.

Proof. If q ¼ ðnÞ, the lower bound of R is ð1Þ because the
averagepdensity
of network is ðn1Þ and then we require
ﬃﬃﬃﬃﬃﬃﬃﬃ
R ¼ ð q=nÞ ¼ ð1Þ. Therefore, we have R ¼ ð1Þ
because the side length of the whole network area is 1.
Obviously, in this case, q ¼ ðnÞ satisfies the theorem.
If q ¼ oðnÞ, obviously q < nR2 . The probability of the
event that at least q nodes are in the area is
P ¼

nq
X

Cnqþi ð1  R2 Þnqi ðR2 Þqþi

i¼0
2 nq

¼ ð1  R Þ

nq
X

ð3Þ
Cnqþi  i ;

i¼0

where  ¼

R2
1R2

. Use Stirling Formula
pﬃﬃﬃﬃﬃﬃﬃﬃ
n! ¼ ð 2nen nn Þ

and get


log P  ðn  qÞ logð1  R2 Þ þ max log Cnqþi þ i log 
 ðn  qÞR2 þ maxðn log n  ðq þ iÞ logðq þ iÞ
 ðn  q  iÞ logðn  q  iÞ þ i log Þ:
The maximum term is achieved when i ¼ nR2  q.
log P  ðn  qÞR2 þ n log n  ðnR2 Þ logðnR2 Þ
 ðn  nR2 Þ logðn  nR2 Þ þ ðnR2  qÞ log 
 ðn  qÞR2 þ nR2 ðlog n  log nR2 Þ
þ ðnR2  qÞ log :

ð4Þ
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Notice that log  ¼ log R2  logð1  R2 Þ  2 logð1=RÞ.
log P  ðn  qÞR2 þ 2nR2 logð1=RÞ
 2ðnR2  qÞ logð1=RÞ

ð5Þ

2

¼ ðn  qÞR þ 2q logð1=RÞ:
Consider boundary condition log P ¼ 0, we get


nR2
nR2
q¼
¼
:
2 logð1=RÞ þ R2
logð1=RÞ

ð6Þ
Fig. 6. A transmission pair.

4.2 Critical Transmission Range
In this part, we determine the critical transmission range r
under LSRM with radius R. According to Theorem 4.1, the
critical number of nodes in a circle area with radius R is
nR2
Þ, which is lower than the average ðnR2 Þ, with a
ðlogð1=RÞ
degeneration factor logð1=RÞ. The larger the radius is, the
shorter the gap between critical number of nodes and the
average number of nodes inside a circular area with radius R.
Suppose a circular area with radius 2R contains
nR2
, where c1 is a specified constant. Obviously, all
c1 logð1=RÞ
the nodes that are outside the circular area with radius 2R
can never enter its concentric circle with radius R. Therefore, the number of nodes within the inner circle will never
exceed that amount.
Theorem 4.2. The critical transmission range of LSRM is
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
logð1=RÞ
:
r¼
n
2

nR
, consider the circle that contains n0
Proof. Let n0 ¼ c1 logð1=RÞ
nodes, which are labeled as v01 ; v02 ; . . . ; v0n0 . Divide this
2
area into n0 =d cells with area 4r
d . In each cell, there are
averagely d nodes. Then, the problem is similar to that in
the i.i.d model.
Consider the probability that a certain cell is empty,
0
which is ð1  nd0 Þn ! ed . And the probability that this cell
0
0
only contains one node is ðn1 Þðnd0 Þð1  nd0 Þn 1 ! ded . We
say a node v0i is isolated if no other node is within its
transmission range. Then, the probability that v0i is
isolated is a constant according to the above two
equations. We label it as p, where 0 < p < 1. Given a long
period of time t, the probability that v0i is isolated is pt ,
which goes to zero as t goes to infinity, so the probability
that v0i is isolated from the network permanently is zero,
which means v0i is connected to the network.
Then, we prove that such transmission range is
necessary. Suppose we introduce a transmission range
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
logð1=RÞ
0
r ¼o
n

to the network, then the average number of nodes inside
each cell is oð1Þ. This means when the number of nodes n
goes to infinity, the average number of nodes in each cell
goes to zero. It is easy to get the probability that a certain
node v0i is isolated can approach 1. Therefore, the
network is not connected.
u
t

qﬃﬃﬃﬃﬃﬃﬃ
When R is set to be ð logn nÞ, r is identical to the critical
transmission range of stationary network [1]; when R is set
as ð1Þ, r is equal to that in i.i.d mobility network [5].

4.3 Number of Hops
Multihop is necessary in LSRM because nodes have limited
active areas. When the source and the destination are
separated larger than 2R, they cannot transmit data directly.
Multihop is one type of redundancy, which influences
capacity. The number of hops is determined by the average
length of each hop and the average distance between source
and destination.
Theorem 4.3. If two nodes mobile uniformly and independently
within a same circle of radius R, the delay for the packet sent
from one to the other is d (namely, the average time until
mutual distance between them is less than r). Or if two nodes
move within their own moving areas, the delay for the packet
sent from one to the other is d0 . If the centers of two circles are
separated strictly closer than 2R, we have d0 ¼ ðdÞ.
Proof. As shown in Fig. 6, let l denotes the distance between
centers of two circle. The two circles overlap only if
l < 2R. The overlapping area is determined by R and l.
We can get its area
Soverlap ¼ 2ðSsec  Stri Þ


1
¼ 2 R2  R2 sin 2
2
¼ R2 ð2  sin 2Þ

ð7Þ

¼ C R2
¼ ðR2 Þ;
where C ¼ 2  sin 2 is a constant determined by ,
when l < 2R. We can see the overlapping area is the
same order as the area of circle with radius R. As a
result, both the sender and the receiver can enter the
2
, and the
overlapping area with probability 2sin

probability that both these two nodes enter the over2 2
Þ , which is also a constant.
lapping area is ð2sin

According to the law of large numbers, there exists a
constant time length d ¼ ð1Þ, such that with high
probability, the sender and the receiver are both inside
the overlapping area in at least one time slot in
continuous d time slots. If d denotes average delay of
unicast in circle area with radius R, the delay of unicast
in this model does not exceed d  d ¼ ðdÞ. The order
does not change.
u
t

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
WANG ET AL.: SPEED IMPROVES DELAY-CAPACITY TRADE-OFF IN MOTIONCAST

So we only need to limit the hop length l strictly lower
than 2R. The larger l is, the less number of hops we require,
and the less probability for the two nodes meet each other.
In order to make this probability larger, we can even apply
some limitations in network scheduling algorithm. We only
allow the pairs whose original separation distance shorter
than R to transmit, where  < 2 is a constant parameter. It
can be easily proved that the average distance between
randomly chosen sender and receiver is ð1Þ. Therefore, the
average number of hops is ðR1 Þ.

4.4 Non-Data-Copy Scheme
When a new session begins, one source and k  1 destinations are selected in the network. Then, the system will
build a spanning tree with average branch length ðRÞ. Our
task is to determine the total number of branches in this
spanning tree.
First, we define the source and the destinations in a
session as bifurcate nodes. Consider a spanning tree based
on all k bifurcate nodes. We call this spanning tree the
original spanning tree. The length
pﬃﬃﬃ of minimum spanning
tree LðkÞ satisfies EðLðkÞÞ ¼ ð kÞ [22, Lemma
qﬃﬃ3.3]. Therefore, the average length of each branch is ð 1kÞ.
4.4.1 Capacity
qﬃﬃ
If R ¼ Oð k1Þ, the length of each hop is lower than the length
of branches of the tree, we need relays on each branch for
assistantship. The number of hops on each branch is ðrp1 ﬃﬃkÞ.
There are totally k  1 branches, so the total number
of nodes
pﬃﬃ
k
that form the spanning tree is on the
order of ð R Þ. Since the
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Þ, according to (1),
critical transmission range is ð logð1=RÞ
n
the per-node capacity is


R
C ¼  pﬃﬃﬃ
:
ð8Þ
k logð1=RÞ
qﬃﬃ
If R ¼ ð 1kÞ, namely the transmission range is large
enough for nodes on the either sides of branch communicate directly, the overall redundancy is ðkÞ. Therefore,


1
C¼
:
ð9Þ
k logð1=RÞ
4.4.2 Delay
The largest number of hops is ð1=RÞ from the source to
each destination. So we only need to determine the average
delay on each hop. We treat the procedure that one node
transmits its packet to the nodes in adjacent circles as a
small i.i.d multicast
subnetwork.
qﬃﬃ
If R ¼ Oð 1kÞ, the radius of active area is much less than
average branch length of original spanning tree so that
multihop is needed. In this case, almost all bifurcate points
on the original spanning tree cannot communicate directly.
Let k0 denote the number of receivers for each bifurcate
points. Since there are totally ðkÞ bifurcate points on the
original spanning tree, each bifurcate point increases the
number of terminals by k0  1, so finally there are ðk  k0 Þ
terminals. Notice that the total number of terminals is k  1,
we have k0 ¼ ð1Þ. This result shows that each bifurcate

9

point has constant number of receivers. We can treat it as
unicast problem.
Now that all k  1 nodes are deployed uniformly and
randomly in the network, it is obvious that there exists at
least one destination that is at ð1Þ far away from the
source node. According to Theorem 4.3, it requires ð1=RÞ
hops for the packet to reach that “furthest” destination.
Then, we consider delay on each hop d0 . According to
Theorem 4.3, d0 is on the same order as that in a scaled
network in [5], by setting cell length as r. Therefore,
nR2
Þ. So the total delay is
d0 ¼ ðlogð1=RÞ
!
!
 
1
nR2
nR
¼
D¼
:
ð10Þ

logð1=RÞ
R
logð1=RÞ
qﬃﬃ
If R ¼ ð 1kÞ, the radius of active area is much larger
than average length of original spanning tree so that no
multihop is needed. Moreover, for each sender, its
transmission area can cover a group of bifurcate points in
original spanning tree, namely it may cover a subtree of the
original spanning tree and the average size of each subtree
is ðkR2 Þ. Thus, the sender can send its packet to all other
bifurcate points on the subtree, which can form a subnetwork with a multicast flow. The
critical transmission range
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Þ. This subnetwork is a
is the same as unicast r ¼ ð logð1=RÞ
n
scaled one in [10] if we set the cell length as r. The delay on
logðkR2 Þ
Þ. Notice that the number of
each hop is therefore ðnk logð1=RÞ
hops is ðR1 Þ, the total delay is
  



1
n logðkR2 Þ
n logðkR2 Þ
D¼

¼
:
ð11Þ
R
k logð1=RÞ
kR logð1=RÞ
qﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃ
When R ¼ ð logn nÞ, the answer is ð logn nÞ. And when
k
R ¼ ð1Þ, the answer is ðn log
k Þ. The results fit the answers of
stationary case [9] and i.i.d model [10]. Specifically, when
k ¼ 1, the answer also perfectly covers the answer of unicast
scheme with LSRM, which covers the answers of stationary
unicast [1] and i.i.d unicast [5]. The answer is quite general.

4.5 Data-Copy Scheme
We can use data-copy to reduce delay in mobile networks.
The source sends data to a group of relays so that the
probability for these relays to reach the destination becomes
larger. According to Theorems 3.4 and 3.5, we can get delay
and capacity of data-copy scheme by extending the results
of non-data-copy scheme given in the previous part.
qﬃﬃ
1. For R ¼ Oð 1kÞ, multihop is necessary in linking
bifurcate nodes in original spanning tree. And
each bifurcate node sends its packet to the
constant number of receivers. Therefore, the
transmission between each bifurcate node and its
receivers can be treated as unicast. According to
Theorem 3.4, if the number of data-copy on each
R
hop is m, the per-node capacity is ðmpﬃﬃk logð1=RÞ
Þ,
and the corresponding delay decreases to

  


1
nR2
nR

¼

:
m logð1=RÞ
R
m logð1=RÞ
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For R ¼ ðk1Þ, each bifurcate node can transmit data
to a group of bifurcate node in original spanning
tree. Therefore, no relay is needed and we can treat
the transmissions between each bifurcate node and
its receivers as multicast. According to Theorem 3.5,
if the number of total data-copy is m (mR2 for each
subnetwork), the per-node capacity of each submulticast-network is ððmR2 þkR12 Þ logð1=RÞÞ. Since there are
totally ð1=R2 Þ subulticast-networks, the per-node
1
Þ. The correcapacity is, therefore, ððmþkÞ logð1=RÞ
sponding delay is
  

1
n logðkR2 Þ


R
ðk þ mÞ logð1=RÞ


n logðkR2 Þ
¼
:
ðk þ mÞR logð1=RÞ

The answers can cover that under the stationary model [9]
and the i.i.d mobility model [10]. The answer for stationary
case is the same as that of non-data-copy scheme, in other
words, there is no data-copy scheme in stationary case.

5

CAPACITY AND DELAY IN GSRM

In this section, we study the performance of GSRM. Under
GSRM, all the nodes’ displacement in adjacent time slots is
less than a certain range. Our results can cover that of i.i.d
unicast [5].
We have the following main results in this section:
.

.

For R ¼ Oðp1ﬃﬃkÞ, non-data-copy scheme, per-node
capacity is
 
1

;
k
k
and delay is ðpﬃﬃk1R2 þ n log
k Þ.
For


1
R ¼ O pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
mþk
1
Þ, and
data-copy scheme, per-node capacity is ðmþk
delay is


1
n log k
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 þ
:
mþk
m þ kR

.

For

.

non-data-copy scheme, per-node capacity is ðk1Þ,
k
and delay is ðR1 þ n log
k Þ.
For


1
R ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
mþk

.

 
1
R ¼  pﬃﬃﬃ ;
k

1
Þ, and
data-copy scheme, per-node capacity is ðmþk
n log k
1
delay is ðR þ mþk Þ.
When k ¼ 1, the answer is for unicast scheme.

VOL. 22,

NO. X,

XXX 2011

5.1 Critical Transmission Range
The first step is to determine the critical transmission range
of network under GSRM. In this
qﬃﬃ part, we show that the
critical transmission range is ð n1 Þ.
Theorem 5.1. For all wireless ad hoc network with n wireless
nodes, and inside a unit squareqﬃﬃnetwork area, the critical
transmission range cannot be oð n1 Þ, namely, it is below the
order of average distance between adjacent nodes.
qﬃﬃ

Proof. If there exists a critical transmission range r ¼ oð n1 Þ,
we prove that the network is not connected. In fact, for
each node,
its transmission area is r2 ¼ ðr2 Þ. Since
qﬃﬃ
1
r ¼ oð nÞ, the total area where at least one node can
transmit data cannot exceed ðnr2 Þ ¼ oð1Þ. Therefore,
the area where no node can transmit data is on the order
of ð1Þ. Thus, nodes are w.h.p situated in this area and
cannot make connection with any other node. The
network is disconnected.
qﬃﬃ So the critical transmission
range cannot below ð n1 Þ.
Then, we prove
qﬃﬃ that the critical transmission range on
the order ð n1 Þ can
qﬃﬃmake the network connected.
In fact, when r ¼ ð n1 Þ, the area where a node can
transmit data is r2 ¼ ðn1Þ. Since all the nodes are
uniformly distributed in the network area, the probability
of the event that other nodes enter this area is ðn1 Þ. As a
result, the probability of the event that all the other n  1
nodes are out of this area is ð1  ðn1 ÞÞn1 ¼ ð1Þ < 1,
which is a constant. When given a certain delay, each
node can meet another node inside its transmission area.
All nodes can connect with any other node within finite
delay, the network is therefore connected.
u
qﬃﬃt
1
So the critical transmission range under GSRM is ð nÞ.
The main reason is that every node can move to any
position under GSRM. The whole network is redeployed in
each new time slot. Therefore, the randomness of deployment does not change the connectivity.

5.2 Multicast Scheme, Non-Data-Copy Strategy
A node can reach all the position in the network area. So
each packet waits for direct transmission until the sender
meet the receiver. Since there can be no extra redundancy
except k for each destination node in GSRM, per-node
capacity can approach c ¼ ðk1Þ.
Then, we consider delay. In order to simplify the problem,
we change our model for a little bit. In Fig. 7, we temporarily
assume that the active area for each node is a square with side
length 2R, the center of which is placed on the original point
in previous time slot. Therefore, the movement range is
restricted by R along both horizontal direction and vertical
direction. We assume that the distribution of probability
between ½R; R is uniform along both directions that are
mutually independent to each other. Then, we can simply
consider the case on horizontal direction can be treated
similarly as that on vertical direction.
Lemma 5.1. Suppose 1 ; 2 ; . . . ; g are random variables, and
the probability density functions of them are even and
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1
C¼
:
k

ð12Þ

5.2.2 Delay
We divide the overall delay into two phases: the diffusion
phase and the transmission phase, whose delays are Df and
Dt , respectively. In diffusion phase, all the nodes move
freely for a period of time in order to make packet holders
go further. Within a certain time period Df ðlÞ, each node
has an opportunity (in an order sense) to reach any place
within range l from its original place. In transmission phase,
the packet holders transmit data to new destination nodes.

Fig. 7. Squared active area under GSRM.

independent
to each other. When g goes to infinity, the variable
P
¼ gi¼1 i obeys Normal Distribution.
Proof. Assume the probability density function (PDF) of i
is fi ðxÞ, and its Fourier transform is Fi ð!Þ. Since
1 ; 2 ; . . . ; g obey to same distribution, fi ðxÞ and Fi ð!Þ
keep
R þ1 the same for i ¼ 1; 2; . . . ; g. Notice that Fi ð0Þ¼
1 fi ðxÞdx ¼ 1. We use Taylor’s expand, we get
Fi ð!Þ ¼ 1  !2 þ oð!2 Þ, where  is a positive constant.
Assume the PDF of ¼ 1 þ 2 þ    þ g is fðxÞ and its
Fourier transform is F ð!Þ. Notice that
fðxÞ ¼ f1 ðxÞ  f2 ðxÞ      fg ðxÞ;
where operator “” represents convolution operation.
Therefore, we have F ð!Þ ¼ F1 ð!Þ  F2 ð!Þ    Fg ð!Þ ¼
ð1  !2 þ oð!2 ÞÞg ! expðg!2 Þ. Use Fourier inverse
transform, fðtÞ obeys Normal distribution.
u
t
Theorem 5.2. Assume initial distance between the sender and
receiver is l. Let E denote the event they meet after T time
2
slots. If T ¼ oðgÞ, then w.h.p P ðEÞ ¼ 0, where g ¼ ðRl 2 Þ.
Proof. Consider relative movement between X1 and X2 . First,
we can decompose it into two one-dimensional orthogonal
movements, and consider one of them. Let i denote the
variation of relative position between two nodes at
ðR2 Þ.
time slot i. The variance of i is on the order of
2
Pg
x2
1
ﬃﬃﬃﬃ
p
2
according
The p.d.f of ¼ i¼1 i is fðxÞ ¼ 2 e
to Lemma 5.1, where 2 ¼ ðgR2 Þ. We require the
exponent term of fðlÞ cannot tend to zero because no
polynomial gain can provide such compensation. Then,
pﬃﬃﬃ
2
we need 2l 2 ¼ Oð1Þ. Therefore, l ¼ OðÞ ¼ Oðr gÞ. Ob2
u
t
viously, g ¼ ðRl 2 Þ.

5.2.1 Capacity
Under non-data-copy scheme, all the packets are sent
directly to k destinations. So the overall redundancy is k.
Note that the critical transmission range for GSRM is ðn1 Þ,
according to (1), per-node capacity is

Theorem 5.3. For each packet, the diffusionqdelay
to enable this
ﬃﬃ
1
Þ)
away
from its
packet reach any place within
l
(l
¼
ð
qﬃﬃ
k
1
l
ﬃﬃ
p
original place is: If R ¼ oð kÞ, Df ðlÞ ¼ ð kR2 Þ; If
rﬃﬃﬃ!
 
1
l
R¼!
; Df ðlÞ ¼ 
:
k
R
qﬃﬃ
Proof. For R ¼ oð k1Þ, by Theorem 5.2, it takes at least
qﬃﬃ
ðkR1 2 Þ time slots for the source to move to a target ð k1Þ
far away. Then, the packet can meet destinations. These
destinations continue to move until they meet other
destinations. Repeat this process until the radius of
reachable area for the packet is ðlÞ. Thus, the diffusion
time is ðpﬃﬃklR2 Þ.qﬃﬃ
For R ¼ !ð 1kÞ, the radius of reachable area after
ð1Þ time slots is ðRÞ, which contains averagely
ðkR2 Þ destinations. Then, the packet can be transmitted to new destinations ðRÞ far away. Continue this
process, the radius of reachable area becomes ðlÞ after
u
t
ðRl Þ time slots.
Theorem 5.4. If m of k destination nodes have received the
packet, and all the unsent destinations7 are deployed
uniformly, then the average delay for a new receiver to get
n
Þ.
the packet from packet holders is on the order ðmðkmÞ
Proof. Since all the nodes are deployed uniformly in the
network area, so that the k  m unsent destinations and
the remaining n  k þ m nodes are equivalent to each
other. Once a packet holder meets another node, the
probability that this node is a unsent destination node is
km
n1
n
n1 . Therefore, the average delay is km ¼ ðkmÞ. Notice
that there are m þ 1 packet holders, the average delay is
n
Þ. Since m ¼ ð1Þ, the theorem is
therefore ððmþ1ÞðkmÞ
proved.
u
t
Then, consider the order of the overall delay D. First, we
consider the lower bound, when we simply assume that the
unsent destinations are always deployed uniformly. At
the very beginning, none of k destination nodes has received
the packet. According to Theorem 5.4, the average delay for
the sender to transmit data to the first receiver is ðnkÞ. Then
there are two packet holders, the average delay for them to
n
Þ. Repeat this
transmit data to a new receiver is ð2ðk1Þ
process, the expectation of delay should be lower bounded by
7. i.e., destinations which have not obtained the packet.
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EðDÞ ¼ 

k1
X
i¼0

!

n
ð1 þ iÞðk  iÞ


¼


n log k
:
k

ð13Þ

The other limitation of delay is that the data packet
should have probability to be transmitted to every position
in the network after time period of D. According to
Theorem 5.3, the overall delay D need to be larger than
the diffusion delay D ¼ ðDf ð1ÞÞ. So the lower bound of
k
delay is on the order ðmaxðn log
k ; Df ð1ÞÞÞ.
Then, we prove this lower bound is achievable. In fact,
we can make the delay of transmission phase as Dt ¼ ðnkÞ.
Consider the ith phase, assume mi destinations of k have
received the packet after i  1 transmission phases and
diffusion phases. Since the average area occupied by each
destination is ðk1Þ, the total area that mi packet holders
occupy is ðmki Þ. Let l denote the radius of the minimum
circular area that covers all these mi packet holders. The
number of unsent destinations that inside this circular area
is ðkðl2  ðmki ÞÞÞ. In order to make the unsent destinations deployed uniformly in the network, the density that
the unsent destinations are in this circular area should be
equal to that in the whole network. So l2 =ðkðl2 
ðmki ÞÞÞp¼ﬃﬃﬃﬃﬃðk1Þ. By solving this equation, we have
l ¼ ð mki Þ. According to Theorem 5.3, the delay cost by
the former i  1 phases and p
byﬃﬃﬃﬃﬃ the current ith phase
should be no less than Df ðð mki ÞÞ. According to Theorem 5.4, there are utmost ðlog kÞ transmission phases
required for all k destinations to receive the packet. So the
k
average delayqsatisfies
EðDÞ  Df ð1Þ þ n log
ﬃﬃ
k .
1
For R ¼ oð kÞ, the expectation of delay is


1
n log k
 pﬃﬃﬃ þ
:
ð14Þ
k
kR2
qﬃﬃ
For R ¼ ð k1Þ, the expectation of delay is


1 n log k
þ

:
ð15Þ
R
k

5.3

Multicast Scheme, Data-Copy Strategy

5.3.1 Capacity
When there are totally m data copies in the network. The
redundancy is k þ m instead of k. So the per-node capacity is


1
C¼
:
ð16Þ
kþm
5.3.2 Delay
When m-data-copy is used. Similarly, as we did with nondata-copy scheme. Consider the transmission delay and the
diffusion delay, respectively. The transmission delay can be
calculated by summing up the following series:
!


k1
X
n
n log k
¼
EðDÞ ¼ 
: ð17Þ
ð1 þ i þ mÞðk  iÞ
kþm
i¼0
Then, consider diffusion delay. Since m relay nodes and k
destination nodes can help delivering the data packet.
According to Theorem 5.3, the diffusion delay for the packet
have opportunity to be transmitted to ðlÞ away from its
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original place via mutual delivering
and mobility is on the
qﬃﬃﬃﬃﬃﬃﬃﬃ
l ﬃ
1
Þ,
and
ðR1 Þ for
Þ
for
R
¼
oð
order ðpﬃﬃﬃﬃﬃﬃﬃ
mþk
kþmR2
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
1
R¼
;
mþk
respectively. Therefore,
we have the following results:
qﬃﬃﬃﬃﬃﬃﬃﬃ
1
Þ, the average delay is
For R ¼ oð mþk


1
n log k
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EðDÞ ¼ 
þ
:
ð18Þ
m þ kR2 m þ k
qﬃﬃﬃﬃﬃﬃﬃﬃ
1
Þ, the average delay is
For R ¼ ð mþk


1 n log k
EðDÞ ¼ 
þ
:
ð19Þ
R mþk

6

DISCUSSION

6.1 Delay-Capacity Trade-Off under LSRM
qﬃﬃ
We find that there is a turning point at R ¼ ð 1kÞ as shown in
Fig. 1. The location of this turning point is based on the
average lengthqof
ﬃﬃ distance between adjacent destinations.
When R ¼ oð 1kÞ, namely mobility speed R is smaller
than such length, the whole transmission flow is composed
of subunicasts.
So the D/C trade-off keeps unchanged; When
qﬃﬃ
R ¼ !ð 1kÞ, namely mobility speed R is large enough to reach
a group of destinations, the whole transmission flow is
composed of submulticasts, which can reduce D/C trade-off
as the scale of submulticasts becomes larger. Optimal D/C
trade-off is achieved when R ¼ ð1Þ as that in i.i.d model.
6.2 Delay-Capacity Trade-Off under GSRM
The curve of D/C trade-off ratio versus R is divided into
two cases depending on the relationship between k and n.
2
For k ¼ oðn3 Þ, namely the destinations are distributed
0:25
sparsely, the turning point is located at R ¼ ðkpﬃﬃn Þ as
shown in Fig. 2. Before this turning point, the diffusion
delay for each packet to reach the edge of the network is
more significant than the transmission delay. Since the
diffusion delay decreases as R increases, thus delaycapacity trade-off is improved; After that point, the
transmission delay is more significant. The trade-off keeps
unchanged because the transmission delay is independent
of the mobility speed R.
2
For k ¼ !ðn3 Þ, namely the destinations are distributed
densely, the turning point moves to R ¼ ðnk Þ as shown in
Fig. 2. The phenomenon and explanation are familiar with
those ofqthe
ﬃﬃ first case, except for another turning point at
1
R ¼ ð kÞ, which separates different descending rate on
either side. The descending rate on the right side is
smaller because the source can reach destinations within
constant steps. And the destinations can help spreading
the packet to a much larger region than that via the
source’s movement itself.
6.3 Improvement Region in Mobile Multicast
In multicast network under LSRM, mobility of nodes does
not improve the D/C trade-off when the speed is low, until
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such speed is larger than the turning point shown in Fig. 1.
Therefore, mobility is unnecessary when mobility speed is
restricted below the turning point.
Under GSRM, the mobility improves the D/C trade-off
when the speed is low. When speed reaches the turning point
shown in Fig. 2, the D/C trade-off keeps uniform. Thus, we
no longer need to increase the mobility speed any more.
We name the region that R improves D/C trade-off as
Improvement Region. For both LSRM and GSRM, the range of
Improvement Regions increases as k increases. Particularly,
in unicast, i.e., k ¼ 1, the D/C trade-offs always keep stable
and never influenced by mobility speed R. In contrast, in
broadcast, i.e., k ¼ n  1, the D/C trade-offs are always
improved by increasing mobility speed R. Therefore, the
impact of mobility speed is more significant when the
destinations are distributed more densely in the network.

7

CONCLUSION

In this paper, we study the relationship between mobility
speed R and delay-capacity trade-off ratio. We show that
increasing mobility speed R can improve delay-capacity
trade-off in multicast network when R is in a specified
region. Such region is larger or less than a certain turning
point, depending on k and n, which shows that the
increasing mobility speed does not always improve delaycapacity trade-off.
We provide a general Speed-Restricted mobility Model,
including two particular forms LSRM and GSRM. In
different forms, the mobility speed R influences the delaycapacity trade-off in different manners. Both two cases
converge to i.i.d when R ¼ ð1Þ, which has optimal D/C
trade-off ratio. In both LSRM and GSRM, as k increases, the
range of Improvement Region becomes larger so that the
impact of mobility is more significant. Such results of
MANET can explicitly explain the impact of velocity to
distributed system, thus can be utilized to understand the
asymptotic achievable capacity when we want to distribute
mobile sensors in a region. We have not studied the impact
of larger transmission range and the combination of LSRM
and GSRM, which could be future works.
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