
Performance Analysis of Wi-Fi Indoor
Localization with Channel State Information

Xiaohua Tian ,Member, IEEE, Sujie Zhu, Sijie Xiong, Binyao Jiang,

Yucheng Yang, and Xinbing Wang , Senior Member, IEEE

Abstract—Recently proposed Wi-Fi indoor localization systems utilizing channel state information (CSI) derived from the received

signal achieve admirable accuracy. This paper presents an information-theoretical analysis in the received waveform level to explore

the fundamental limits of the approach. In particular, we perform frequency domain Cram�er-Rao bound (CRB) analysis for location

estimation with CSI. Our analysis resolves the high-rank Fisher information matrix challenge, and establishes intrinsic connection

between parameters to be estimated for localization and the received waveform information observable with the CSI retrieving toolkit.

We also analyze the influence of the asynchronization between the transmitter and the receiver to the performance bound of the CSI

approach. Moreover, we shed light on the insight into the design of the CSI localization systems. In particular, we show that the CSI

approach presents varying performance for localizing targets in different distances and directions with respect to the CSI retrieving

anchor point (AP), and the geometric distribution of AP antennas could fundamentally influence the localization performance.

Comprehensive experimental results are demonstrated to validate our theoretical analysis.

Index Terms—Localization, channel state information, CRB

Ç

1 INTRODUCTION

WIRELESS indoor localization has drawn much attention
in the past decades, and enjoyed flourishing advances

in recent years. Several recent work utilizes the channel
state information (CSI) observed at the anchor point to esti-
mate the location of the mobile device [15], [18], [19], [20],
which achieves much higher localization accuracy level
(centimeters) in contrast to that of traditional received signal
strength (RSS) fingerprinting approaches (meters) [6], [7],
[8], [9], [10], [11], [12], [13]. This is because CSI obtained by
direct physical-layer sampling provides a finer-grained
profiling of wireless signals, which can help estimate the
device’s possible location in a finer granularity.

However, the overwhelming majority of commodity
wireless devices do not provide interfaces accessing the
CSI due to the risk of technical secrets leakage. The Intel
5300 toolkit is the first tool that provides CSI interface,
which is adopted by most of the work on CSI localization
[15], [18], [19], [20]. The CSI is used to derive the angle-
of-arrival (AoA) and time-of-flight (ToF) of the received
waveform, and the amplitude information is used to
crosscheck the preliminary localization result based on
AoA and ToF [18]. The major challenge in such systems is
the imprecise AoA and ToF measurement resulted from
the multipath effect and asynchronization, for which
mechanisms picking out CSI along the direct-path and
eliminating clock differences are proposed. SpotFi [18]

proposes a super-resolution AoA estimation scheme
based on the MUSIC algorithm [27] to deal with the mul-
tipath effect, where a sanitization algorithm for estimat-
ing the measurement error is proposed; Chronos [15]
utilizes inverse non-uniform discrete Fourier transformation
(NDFT) to obtain the multipath profile; ToneTrack [37] uti-
lizes the high sampling frequency of Rice WARP platform
[40] to neutralize the asynchronization effect.

While CSI based localization systems can achieve admi-
rable accuracy, the fundamental limits of CSI based locali-
zation approach itself is still unknown in a theoretical
perspective. Intuitively, if precise AoA or ToF along the
direct path could be obtained, there should be no error with
CSI approach; however, we can still observe the localization
discrepancy, because the wireless signal propagated to the
receiver side has been polluted by the inevitable white
noise. The root cause of localization errors with the CSI
approach is actually in the nature of wireless communica-
tion. It is necessary to theoretically analyze the localization
performance of the CSI based approach in the signal wave-
form level, only by which we can shed light on the funda-
mental limits the approach can achieve, and reveal the
insight into the design of such systems.

The Fisher information theory has been used to analyze the
information-theoretical bound of localization techniques [32],
[33], [34], [35], where the basic idea is to find the Fisher infor-
mation matrix (FIM) leveraging the intrinsic connection
between the true value of the unknown parameter needs to be
estimated and observable random variables. The inverse of
the FIM is known as the Cram�er-Rao bound (CRB) or Cram�er-
Rao lower bound (CRLB) indicating the variance of the esti-
mated value of the unknown parameter to the true value.
However, the results in the literature are either based on inac-
curate radio propagation model [32], [33], [34] or impractical
assumption of the received waveform [35], which are not veri-
fied by practical experiments.
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In this paper, we present an information-theoretical analy-
sis of the CSI based indoor localization approach in the
received waveform level to explore fundamental limits of the
approach. The theoretical findings also reveal insight into the
design of CSI based localization systems. We implement
essential schemes presented in recent CSI localization systems
to verify our analysis. Our contributions are as following:

First, we present the CRB for the location estimation tech-
nique based on CSI. In contrast to previous work in the liter-
ature with a strong assumption of availability of the analog
received waveform, our analysis is based on waveform
information after the analog-to-digital converter (ADC),
which is in accordance with the practical capability of the
Intel 5300 toolkit. We present a frequency domain analysis
to interpret how eliminating the multipath effect can influ-
ence the performance of CSI approach in a theoretical per-
spective (Section 4.1). Our analysis resolves the issue of
high-dimensional FIM caused by utilizing antenna array in
practical systems (Section 4.2); moreover, we transform the
error bound for estimating the amplitude and delay of the
received signals into that for localization, based on which
we derive a close-form CRB for indoor localization with the
CSI approach (Section 4.2). We further analyze the influence
of the asychronization effect, where it is found that the noise
rather than the asynchronization is the dominant factor
impacting the performance of the CSI approach (Section 5).

Second, we reveal insight into the design of CSI localiza-
tion based on the derived localization error bound (Section 6).
We theoretically confirm the applicability of the derived
CRB to all localization systems utilizing CSI observed with
the Intel 5300 toolkit. We also show that: the CSI approach
presents varying performance for localizing targets in differ-
ent distances and directions with respect to the CSI retrieving
anchor point; the geometric distribution of antennas could
fundamentally influence the localization performance. In
particular, the system with antennas non-uniformly spaced
and the one with uniformly spaced antennas present differ-
ent performance theoretically and practically.

Third, we conduct comprehensive experiments to verify
our theoretical analysis (Section 7), for which we build the
Wi-Fi anchor point with the mini PC and the Intel 5300 tool-
kit for retrieving CSI. We compare the theoretical location
estimation error bound with the errors observed in practical
localization process, and find that the two trends are in line
with each other.

Our theoretical analysis and experiments reveal the follow-
ing design guidelines for CSI localization system developers
utilizing the Intel 5300 toolkit:

� The CSI localization approach can achieve millimeter-
level accuracy theoretically, if the target is in opposite
of the antenna array and the distance between the
array and the target is around 1 meter. The distance
and orientation between the antenna array and the
target can influence the localization performance,
which is corroborated by the experimental results.
The nearer the target is to the antenna and the closer
the target is to the vertical direction of the antenna
array, the higher accuracy the localization approach
can achieve.

� Hardware asynchronization and communication noise
can impact CSI localization performance in practice,
which results in practical localization errors ranging

from tens to thousands of centimeters. Ideally-strict
synchronization can help improve practical localiza-
tion accuracy; however, in the information-theoretical
perspective, the effect of noise is the dominant factor
for the CSI localization system to achieve the theoreti-
cal lower performance bound.

� Due to the lack of perfect synchronization mecha-
nism between the target and the AP in practice, the
ToF can be derived from existing CSI localization
mechanism [18] is unreliable; the AoA measurement
can be obtained from multiple APs are the main
basis for location estimation, which however are sig-
nificantly impacted by the RF oscillator phase offset
between antennas of the AP. The phase offset can be
calibrated with the method as described in [20].

� The theoretical lower bound of the localization error
with non-uniformly spaced antenna array is lower
than that with uniformly spaced antenna array,
and the experimental results also show that the for-
mer design yields better performance in practice.
Environments also can influence the localization per-
formance due to the multipath effects; however, the
influence of distance and orientation on the localiza-
tion performance is still notable.

2 RELATED WORK

2.1 Wi-Fi Indoor Localization
Accurate indoor localization is the fundamental enabler
technology of a smart world [1], where wireless techniques
have been applied in the past decades. Early wireless indoor
localization systems such as Active Badge [2], Bat [3]
and Cricket [4] require buildings to install dedicated RF/
ultrasound infrastructure. With the proliferation of Wi-Fi
enabled mobile devices, the received signal strength (RSS)
based indoor localization methodology is widely studied,
which leverages ubiquitous Wi-Fi access points (APs) and
RSS information readily available from commodity hard-
ware. With the RSS information, the localization system uti-
lizes radio propagation models [5] to derive the distance
between the target and APs and then triangulate the loca-
tion of the target, which is known as model-based approach
[6], [7], [8]. The RSS information also can be used to build
the radio fingerprints map, and the localization system com-
pares the currently observed RSS information of a mobile
device with the map and estimate the user’s current loca-
tion, which is known as fingerprinting-based approach [9],
[10], [11], [12], [13]. However, the RSS methodology only
achieves meter-level localization accuracy, since the RSS is a
very coarse description of wireless signals. Recent work on
fingerprinting localization [14] studies how to mitigate
the effort of the site survey process for building the finger-
prints map, which considers the shopping mall scenario.
In particular, it shows that the system can direct the
customer to any shop in the mall as long as the RSS values
in the entrance of those shops are available.

Direct physical-layer sampling provides a finer-grained
profiling of wireless signals, which offers better localization
accuracy in the centimeter-level. The Intel 5300 toolkit [21]
is widely used in recent years, which provides access to CSI
of the wireless signal over multiple antennas. Chronos
system [15] computes the ToF of the signal to derive the dis-
tance between the anchor point and the target. The SpotFi
[18] localization server analyzes CSI including ToF and
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AoA collected from different anchor points, and then identi-
fies the direct path profile between the target and each AP,
which are used for final location estimation. Ubicarse sys-
tem [19] utilizes the principle of synthetic aperture radar
(SAR) for localizing mobile devices. ArrayTrack system [20]
derives the AoA information of the user’s frame with
respect to multiple antennas. The AoA information is then
aggregated and computed to estimate the user’s location.
In contrast to the work mentioned above focusing on system
implementation, our work in this paper studies the informa-
tion-theoretical limits of the CSI approach, based on which
we reveal insight into the design of the CSI based systems.

We note that Atheros [39] is another toolkit recently
released for CSI retrieval, which supports a number of
NICs; however, the adoption of the tool for localization is
still limited according to its official webpage [41].

2.2 Cram�er-Rao Bound (CRB) Analysis
for Localization

Chandrasekaran et al. conducts extensive experiments to
obtain an empirical quantification of the accuracy limits of
RSS localization [24]; the experimental results are compared
with a theoretical bound derived using CRB analysis, which
is to provide a lower bound on the variance achievable by
any unbiased estimator, and has been used to evaluate the
performance of cooperative localization in wireless sensor
networks (WSNs) [32], [33]. In the WSN case, there are nor-
mally some anchor nodes whose locations are known, and
unknown-location sensors can estimate locations of them-
selves by conducting distance measurements between pairs of
sensors. CRB analysis can help revealing the best such cooper-
ative localization can possibly achieve. Further, classical CRB
analysis can be extended to investigate the influence of mis-
placement of anchor nodes in wireless sensor networks [34].

However, the comparison between the theoretical bound
and experimental results shows that the derived CRB for
RSS based localization is inaccurate [24], [36], because RSS
based approach utilizes a metric of the received waveform
at the anchor point RSS for localization as shown in Fig. 1a.
Most of such CRB analysis adopts the log-normal path loss
(LNPL) model [24], [32], [33], [34], [36] to associate RSS
with radio propagation distance, which has been proved
inaccurate for indoor localization [30]. Shen et al. present the
CRB analysis for localization systems utilizing the entire
received waveform as shown in Fig. 1b rather than a metric
of the waveform, which presents a more accurate bound [35].

The derivation of the bound in [35] relies on a strong
assumption of the availability of analog waveform, which is
infeasible in the CSI localization scenario since the Intel
5300 toolkit could only retrieve the sampled waveform as
shown in Fig. 1c. The analysis in [35] is in the time domain,
yielding very complicated theoretical results, which contain
the derivative of the waveform thus can hardly reveal
the insight into the system design. In order to obtain the
concrete simulation results, it is assumed in [35] that

the received waveform is the Gaussian pulse, which has a
special property that its derivative is still in the similar form
of Gaussion pulse. This is significantly helpful for simplify-
ing the simulation process but far away from the practical sit-
uation. Moreover, the analysis in [35] just considers the
single antenna anchor point, but the practical CSI localization
system normally needs to utilize multiple antennas, which
will make the rank of the time domain Fisher information
matrix even higher. Thus it will be more difficult to obtain
the concrete theoretical results that are meaningful for guid-
ing practical system design. Our work in this paper studies
the more practical bound based on the received waveform
after sampling; we perform frequency domain CRB analysis
to simplify the mathematical derivation, and take the practi-
cal antenna array in the anchor point into account. Our analy-
sis can obtain close-form theoretical results that can help
reveal interesting insight into the CSI approach.

Besides being applied in ordinary localization cases, CRB
analysis is also utilized to medical scenario recently. Geng
et al. use 3D Posterior Cram�er-Rao Lower Bound (PCRLB)
as a framework to evaluate accuracy of the hybrid RF and
image processing localization technique for the wireless
capsule endoscopy (WCE) inside the human body [31].

3 SYSTEM MODEL

3.1 Signal Model
We consider an indoor space installed with multiple CSI
retrievable anchor points. As in existing CSI based localization
systems [15], [18], [19], [20], those anchor points can retrieve
the CSI of wireless signals sent from the user’s mobile device.
Ideally, the anchor point should have perfect knowledge of
the received waveform, based on which the user’s location
can be estimated. The received waveform can be modeled as

rðtÞ ¼
Xl

p¼1

aðpÞsðt � tðpÞÞ þ zðtÞ; (1)

where sðtÞ denotes the transmitting waveform, l represents
the number of paths the signal experienced since transmit-
ted, aðpÞ is the amplitude of the waveform over the pth path,
tðpÞ is the time delay of the signal over the pth path, and zðtÞ
is the additive white noise which can be regarded as a zero-
mean Gaussian process with covariance s2. Note that
s2 ¼ N0=2 and N0=2 is the two-side power spectral density.
The model above is a fundamental description of the
received waveform in digital communication, which consid-
ers fading, multipath effect, propagation delay and noise.

However, the Intel 5300 toolkit is unable to provide CSI of
the perfect analog waveform. The CSI can be used for analysis
is in fact reflected by the amplitude and phase information of
the waveform, which is obtained after the analog signal goes
through the ADC module according to basic principles of dig-
ital communication. After the ADC module, the analog wave-
form is sampled and quantized. Since most of the work [15],
[18], [19], [20] uses the phase information of the waveform to
derive the distance between the anchor point and the mobile
device, and the quantization process has small influence on
the amplitude of the waveform, the waveform modeled in
Eq. (1) after the sampling process becomes

Xm ¼ rðmT Þ ¼
Xl

p¼1

aðpÞsðmT � tðpÞÞ þ zðmT Þ; (2)

Fig. 1. The RSS and CSI of the received waveform.
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with m ¼ 1; . . . ; L, where L denotes the total number of
samplings and T is the sampling period. Due to the
additive Gaussian white noise, the sampled value from
the waveform obeys the Guassion distribution Xm �
Nð

Pl
p¼1 a

ðpÞsðmT � tðpÞÞ; s2Þ, where s2 is the variance.
After sampling, we obtain a series of Gaussian random
variables and the covariance between any two variables
is equal to zero with the property of Gaussian process:

covðXi;XjÞ ¼ EðzðiT Þ � zðjT ÞÞ ¼ 0ði 6¼ jÞ;
covðXi;XjÞ ¼ DðXiÞ ¼ DðXjÞ ¼ N0

2 ði ¼ jÞ:

�
(3)

3.2 Problem Formulation
The basic idea of the CSI localization approach is to derive
geometric relationship between the target and antenna array
equipped on the anchor point. In particular, AoA method
tries to find the propagation direction of the received wave-
form, and ToF method tries to find the flying time of the
received waveform incident on each antenna in the antenna
array. Such information is basically derived from the phase
information of the waveform [15], [18], [19], [20]. Efforts
also have been made to utilize the amplitude information
to further improve the accuracy [18]. Consequently, the per-
formance of CSI localization depends on how accurately the

ampltitude (aðpÞ) and phase (tðpÞ) information of the received
waveform can be measured. Our strategy is to first find the
error bound for measuring aðpÞ and tðpÞ, and then explore the
corresponding error bound of location estimation.

In the location estimation process, the unknown parame-
ter vector uu can be formulated as

uu ¼ ½tð1Þ;að1Þ; tð2Þ;að2Þ; . . . ; tðlÞ;aðlÞ�: (4)

The basis for estimating the parameter vector is the sampled
value of the received waveform, which is in fact a vector of
random variables X as shown in Eq. (2). According to the
Fisher information theory, the Fisher Information Matrix
(FIM) can be calculated as

IðuuÞi;j ¼ �E
@2

@ui @uj
log fðX; uuÞ

����uu
� �

; (5)

where fðX; uuÞ is the probability density function (PDF) of
the observed random variables, ui and uj are the unknown
parameters to be estimated respectively.

Then, the parameter vector uu satisfies the information
inequality:

E½ðûu � uuÞðûu � uuÞT� � I�1ðuuÞ; (6)

where A � B means that A � B is positive semidefinite.
The inverse of the FIM can be used to evaluate the estima-
tion accuracy of the parameter uu, in particular the variance
of the estimated value of the parameter compared with the
true value, which is known as the CRB.

Since the PDF fðX; uuÞ is following Gaussian distribution
according to the signal model, the FIM in this case is for anN-
variate Gaussian distributed random variable X � N mmðuuÞ;ð
SðuuÞÞ, where uu is a K-dimensional vector of parameters
½u1; . . . ; uK �T, X is the vector of observable random normal
variables ½X1; . . . ;XN �T with mean mmðuuÞ ¼ ½m1ðuuÞ; . . . ;mNðuuÞ�T
and SðuuÞ denotes the covariance matrix of X. The covariance
matrix is a constant diagonal matrix because any two random
variables are independent to each other. Then the element in
themth row and nth column of the FIM is:

Im;n ¼ @mmT

@um
S

�1 @mm

@un
: (7)

3.3 Challenges
Finding Inverse of FIM. Based on the formulation above, we
need to find the expression of each element of the FIM to find
the CRB; however, the inverse of the FIM with elements as
mentioned above can not be found in practice, because the
element of the FIM can be explicitly expressed only if the first
order derivative of the received waveform can be found. This
is almost impossible in practice because the Intel 5300 NIC
adopts orthogonal frequency-division multiplexing (OFDM)
technique, which makes the expression of the signal sð�Þ
unavailable. In particular, the signal is factually an aggrega-
tion of the source signal modulated with a bunch of orthogo-
nal sub-carriers. According to 802.11n standard [16], there
are totally 56 sub-carriers at 2.4 GHz and 114 at 5 GHz; how-
ever, the CSI can be observed is only for 30 sub-carriers [17],
[18]. This means that although we could know which 30 sub-
carriers are used based on 802.11n standard [16] , the general
form of sð�Þ is unknown for all the sub-carriers. Moreover,
the expression of sð�Þ also depends on the source code, which
is also unavailable from Intel 5300 toolkit. Consequently,
although the expression of the inverse of the FIM and the
CRB can be given in certain form, the results make nonsense
in terms of revealing the insight of CSI approach or guiding
the design of CSI based localization system.

Multipath Effect. The fundamentals of the Fisher informa-
tion theory are that the unknown parameters and the observ-
able random variables are intrinsically connected; however,
it is usually difficult to find such intrinsic connection. The
radio propagation model such as LNPL indicates the connec-
tion between the RSS and distance, but the empirical associa-
tion hardly reflects the real situation, as the multipath effect
is not fully considered in the model. This is why the CRB
based on such connection has been proved inaccurate for the
RSS based localization [24]. The multipath effect also impacts
the performance of the CSI based approach [15], [18], [20]. In
particular, CSI approach is interested in only the amplitude
and phase information of the received waveform along the
direct path, which can be denoted using að1Þ and phase tð1Þ,

respectively. However, we are unable to just regard að1Þ and

tð1Þ as the parameter, since in this way the connection
between these parameters and the signal model is unable to
reflect the real situation, which results in incorrect CRB.

Asynchronization. Asynchronization between the trans-
mitter and the receiver is incurred by crystal oscillating cir-
cuits implementations, which is inevitable even for devices
by the same manufacturer. The asynchronization leads to a
sampling frequency offset, which further causes a time shift
impacting the phase measurement. Recent work [18], [19],
[20], [37], [39] propose methods to remove the asynchroni-
zation effect; however, the key issue that whether the asyn-
chronization effect is the dominant factor of localization
errors is still unknown.

Antenna Array and Design Guidance. The problem formu-
lation with Fisher information theory just considers the
received waveform from one antenna; however, the practi-
cal CSI approach normally utilizes the antenna array. More
antennas will incur the high-rank FIM, which imposes chal-
lenges to find the inverse of the FIM. Since antennas are
independent with each other in localization, how to aggre-
gate contributions of all antennas to evaluate the overall
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performance of the localization system is challenging. More-
over, after obtaining the CRB bound, we must reveal the
insight into the CSI localization system design, in order to
guide improving the system performance.

Our solutions to deal with the challenges mentioned
above will be presented in the following sections.

4 CRB ANALYSIS IN FREQUENCY DOMAIN

This section deals with the first two challenges. In order to
perform localization, we are actually interested in parame-
ter u1u1 ¼ ½tð1Þ;að1Þ�, which are the received signal’s properties
along the direct path from the transmitter to the receiver.
This requires revealing the multipath profile so that the
direct path component can be picked out. To this end,
the Chronos system [15] utilizes the inverse DFT to analyze
the multipath effect to obtain the multipath profile. The
smart idea of the Chronos system inspires us to perform
the CRB analysis in the frequency domain, which makes it
possible to find the inverse of FIM.

In the following, we first examine an ideal case that the
parameter can be measured with single antenna, and then
extend our analysis to the practical scenario involving the
antennas array.

4.1 Parameter Analysis with Single Antenna
Consider the signal along the direct path in the time domain

rðnT Þ ¼ að1ÞsðnT � tð1ÞÞ þ zðnT Þ; (8)

where n ¼ 1; 2; 3; . . . ; L. We can apply L-point DFT to
the waveform to get the counterpart expression in the
frequency domain

RðkÞ ¼ að1ÞSðkÞe�j2pkt
ð1Þ

LT þ hðkÞ; (9)

with k ¼ 0; 1; 2; . . . ; L � 1, where the signal spectrum SðkÞ
depends on the transmitting waveform that is usually fixed,
hðkÞ is the power spectrum of white Gaussian noise with
covariance Ls2.

Leveraging the multipath profiling technique mentioned
in [15], the previous parameter vector can be cut down to
u1u1, and we can establish an accurate intrinsic connection
between unknown parameters u1u1 and the observable ran-
dom variables SðkÞ. We use t and a to replace tð1Þ and að1Þ

in rest of the section for simplicity. The observations incor-
porate all samples of the received signal in the frequency
domain. We use vector X to denote all the random variables:

X ¼ ½Rð0Þ; Rð1Þ; . . . ; R1ðL � 1Þ�T; (10)

where the mean vector mm for the variable vector X is:

mm ¼ aSð0Þe�j2p0tLT ; . . .;aSðL � 1Þe�j
2pðL�1Þt

LT

h iT
: (11)

With the complex mean vector in the frequency domain, the
element of the FIM extended for complex data can be
derived [29]

Imn ¼ 2Re
@mmH

@um

X�1 @mm

@un

� �
; (12)

where
P

is the covariance matrix which is equal to Ls2 and
H denotes the complex conjugate transpose of the matrix.
The FIM for single antenna in frequency domian is

I ¼ 2

Ls2

XL�1

k¼0

4p2 k

LT

� �2

a2jSðkÞj2 0

0
XL�1

k¼0

jSðkÞj2

2
66664

3
77775: (13)

We here provide the CRB for estimating the delay t,
which is the parameter of interest in both ToF and AoA. The
squared error bound with respect to t is

Efðt̂ � tÞ2g ¼ VarðtÞ � ½IðuuÞ�1�1	1; (14)

where ½��n	n denotes the upper left n 	 n submatrix of the
arguments.

Consequently, the CRB for the time delay with CSI
approach termed as time delay error bound (TDEB) in the
frequency domain utilizing the FIM in Eq. (13) is

T ðtÞ ¼ L3T 2s2

8p2a2

1PL�1
k¼0 k

2jSðkÞj2
: (15)

We can further simplify the bound with the corresponding
channel impulse response (CIR), where sðtÞ is dðtÞ and
jSðkÞj ¼ 1 for k ¼ 0; 1; . . . ; L � 1. Thus the bound becomes

T ðtÞ ¼ 3L2T 2s2

4p2a2ðL � 1Þð2L � 1Þ : (16)

4.2 Parameter Estimation with Antenna Array
The analysis above shows the feasibility of performing CRB
in the frequency domain with the idea single antenna case;
however, the practical mechanism that can obtain the ToF
with the single antenna is still unavailable to the best of our
knowledge. All existing work in the literature requires using
information from multiple antennas at the receiver side,
especially the system depending on AoA information to per-
form location estimation. Consequently, we now try to find
the parameter estimation error bound with antennas array.

Suppose there are N antennas at the receiver side, then
the received signal of the mth antenna along the direct path
at sampling time point n in the time domain can be
expressed as:

rmðnT Þ ¼ amsðnT � tmÞ þ zðnT Þ; (17)

with m ¼ 1; 2; 3; . . . ; N , n ¼ 1; 2; 3; . . . ; L.
The parameter am and tm denote the amplitude and the

time delay of the received waveform along the direct path
incident to the mth antenna, and zðnT Þ denotes the noise
effect which is normally following Gaussian distribution,
with sampling period T and the total number of samples L.
It is reasonable to assume that the total number of sam-
plings for each antenna in the array is the same, since those
antennas in the array normally share an ADC module at the
receiver in practice. The signal as shown in (17) can be trans-
formed into the frequency domain with L-point DFT, which
becomes

RmðkÞ ¼ amSðkÞe�j2pktmLT þ hðkÞ; (18)

where k ¼ 0; 1; 2; . . . ; L � 1 and m ¼ 1; 2; 3; . . . ; N . The
parameter hðkÞ is the zero-mean complex white Gaussian
noise with the covariance Ls2. The signal power spectrum
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SðkÞ depends on the transmitting waveform; therefore, it is
reasonable to assume that the signal spectrum SðkÞ is the
same for the receiver waveforms over all antennas.

Since there are N antennas at the receiver, the parameter
vector to be estimated is

uu ¼ ½t1;a1; t2;a2; . . . ; tN;aN|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2N

�: (19)

The observable random variables are the collection of all
the received waveform in the frequency domain over the
sampling time. We use vector X to denote the NL 	 1
dimensional random variables:

X ¼ ½R1ð0Þ; R1ð1Þ; . . . ; R1ðL � 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
antenna1

; . . . . . .

RNð0Þ; RNð1Þ; . . . ; RNðL � 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
antennaN

�T: (20)

Since the parameter hðkÞ is the zero-mean complex white
Gaussian noise, the mean vector mm of X is:

mm ¼ ½a1Sð0Þ;a1Sð1Þe�j
2pt1
LT ; . . . ;a1SðLÞe�j

2pðL�1Þt1
LT|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

antenna1

; . . . . . .

aNSð0Þ;aNSð1Þe�j
2ptN
LT ; . . .;aNSðLÞe�j

2pðL�1ÞtN
LT|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

antennaN

�T:
(21)

With the analysis above, it seems that we could find
the inverse of the FIM and then derive the CRB the same
way as for the single antenna case like Eq. (12); however,
it can be found that the introduction of multiple antennas
makes the rank of the corresponding FIM high along this
vein. In particular, it is well known that the Intel 5300
NIC has three slots for antennas, which makes the rank
of the FIM to be 6 (with the amplitude and the delay).
The receiver in the Arraytrack [20] system has 8 antennas,
which makes the rank to be 16. It is tractable to numeri-
cally find the inverse of the 6/16-rank FIM; however, it is
unlikely to present the corresponding close-form CRB,
without which it is impossible to reveal any insight into
the CSI approach.

Moreover, even if we could obtain close-form CRB
with the high-dimensional FIM, the information-theoretical
bound is for estimating the parameters as and ts, but our
ultimate goal is to find the bound for estimating location of
the target. Each single antenna plays the unique role in the
localization process, and how to incorporate contributions
of all antennas in the array to derive the CRB is still
unknown in the literature to the best of our knowledge.

4.3 CRB for Location Estimation
Our strategy to deal with the two issues mentioned above is
to associate the parameters as and ts with location estima-
tion, which is shown in Fig. 2. We could observe sampled
waveform as a set of random variables X which represent the
effect of parameters ts and as. We use p to denote the posi-
tion of the target, and pm the position of the mth antenna in
the 2-D euclidean space. It is straightforward that

tm ¼ jjp � pmjj
v

; (22)

where v is the speed of light.
With the multipath profiling technique in [15], we could

pick out the CSI over the direct path. Since the influence of
small scale fading caused by multipath effect can be
ignored, the amplitude of the received waveform is only
related to the distance between the transmitter and the
receiver. In most of the localization systems with CSI
approach, the transmitter of the target is basically equipped
with the omnidirectional antenna [15], [18], [19], [20], which
means that the transmitted waveform can be modeled as a
spherical wave, and the amplitude of the wave decreases
with the distance of propagation. Note that the power of
the transmitted waveform is inversely proportional to the
square of the propagation distance, but our analysis is in
the received waveform level. Thus we have

am ¼ aref

jjp � pmjj ; (23)

where aref is the reference amplitude at 1m away from the
transimitter.

We now could obtain a new parameter for estimation
based on the analysis above. Since CSI based approaches
need to utilize the geometric relationship between the trans-
mitter and the anchor points, the precise location informa-
tion of the anchor points and antenna on them is usually
perfectly known. We use p1;p2; . . . ;pN to denote locations
of antennas, based on which we can construct a new param-
eter vector for estimation uu ¼ ½pT� ¼ ½x; y�, as shown in Fig. 2.

With such a parameter transformation, we could use
Fisher information theory to find the CRB for location esti-
mation with CSI approach as shown in Fig. 2. The rank of
the parameter to be estimated is reduced from 2N to 2, and

Fig. 2. Strategy of CRB for location estimation with antenna array.

HH ¼

arefS

ð0Þej

2p�0 p�pmk k
LTv � 1

p�p1k k2 þ j 2p�0
LTv p�p1k k

	 

pT�pT

1
p�p1k k

..

.

arefS

ðkÞej

2pk p�pmk k
LTv � 1

p�pmk k2
þ j 2pk

LTv p�pmk k

	 

pT�pTm
p�pmk k

..

.

arefS

ðL � 1Þej

2p L�1ð Þ p�pmk k
LTv � 1

p�pNk k2
þ j 2p L�1ð Þ

LTv p�pNk k
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p�pNk k

2
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T
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the rank of the FIM is reduced to 2; moreover, we could find
the estimation error for localization.

In particular, we first find the FIM I ¼ 2Re½HHP�1H�,
where H can be obtained by finding the first derivative of
Eq. (21) with respect to pT and H denotes the complex con-
jugate transpose. The the result of HH is shown in Eq. (24).
Consequently, the corresponding FIM is

I ¼
2a2

ref

Ls2

XN
m¼1

XL�1

k¼0

jSðkÞj2 1

r4m
þ 4p2k2

L2v2T 2r2m

� �
Dm; (25)

where Dm is a function of P�Pm
P�Pmk k. The expression of Dm is too

complicated for us to find the close-form inverse of I, thus

we switch to polar coordinates system, where the origin

of the system is set at the target’s location. Then we can find

Dm ¼ cos 2ðumÞ cos ðumÞ sin ðumÞ
cos ðumÞ sin ðumÞ sin 2ðumÞ

� �
;

with um denotes the angle to the mth antenna with respect
to the origin.

We let

1

b2
m

¼
XL�1

k¼0

jSðkÞj2 1

r4m
þ 4p2k2

L2v2T 2r2m

� �
; (26)

for convenience of demonstration, and then we have

Efðp̂ � pÞðp̂ � pÞTg � I�1; (27)

according to the Fisher information theory, based on which
we can find the variance of the CSI localization with antenna
array:

Efjjp̂ � pjj2g � trfI�1g; (28)

where trfI�1g is the trace of the inverse of FIM as shown in
Eq. (29).

5 ASYNCHRONIZATION ANALYSIS

This section resolves the third challenge mentioned in
Section 3.3. We study another cause of localization error with
CSI approach, clock asynchronization between the transmit-
ter and the receiver [38]. The asynchronization is incurred
by the crystal oscillating circuits in different hardware,
which is inevitable even for devices by the same manufac-
turer. In particular, the analog received signal goes through
the ADC module at the receiver, where the analog waveform
is sampled and quantized for the estimation of the CSI. The
ansychronization between the transmitter and the receiver
incurs a sampling frequency offset, which further causes a
time shift impacting the phase measurement [39].

The time shift by clock ansychronization is unpredict-
able, but can be regarded as a constant during a short-time
measurement as in the localization scenario; thus the time
shift is a constant for different subcarriers and antennas.
Let t0 denote the extra time shift caused by the asynchroni-
zation and rðnT Þ from Eq. (8) denote the ideal sampling
result of the received signal. The received signal under the
influence of asynchronization can be modeled as:

erðnT Þ ¼ rðnT � t0Þ ¼ asðnT � t � t0Þ þ zðnT � t0Þ; (30)

where T is the sampling period.

5.1 Parameter Estimation over Single Antenna
In this case, the received signal model in the frequency
domain is the L-point DFT of the Eq. (29):

eRðkÞ ¼ aSðkÞe�j
2pkðtþt0Þ

LT þ hðkÞe�j
2pkt0
LT ; (31)

where k ¼ 0; 1; 2; . . . ; L � 1 for L-length sampling, t is the
propagation time in the air and t0 is the fixed time shift due
to the asynchronization.

It can be seen that the distribution of eRðkÞ is now depen-
dent on three unknowns t, a and t0, thus estimation vector
uu becomes ½t;a; t0�. Due to the property of DFT, the mean
value of the received signal only contains the signal part,
and the mean of hðkÞ is zero. Consequently, the resulted
FIM I of the new parameter vector uu is:

8p2a2

L3T 2s2

XL�1

k¼0

k2jSðkÞj2 0
XL�1

k¼0

k2jSðkÞj2

0 L2T2

4p2a2

XL�1

k¼0

jSðkÞj2 0

XL�1

k¼0

k2jSðkÞj2 0
XL�1

k¼0

k2jSðkÞj2

2
6666666664

3
7777777775
: (32)

Note that FIM I is not full rank, since the first row and the
third row are the same, which means that we are unable to
find inverse of I thus the error of t can not be bounded.
Based on Eq. (31), the phase component of the observable
random variables RðkÞ is determined by time delay t and
time shift t0. For the same phase of received signal, there
are innumerable solutions for t as long as the t0 changes
correspondingly so that t þ t0 remains the same, which is
the fundamental reason why the inverse of FIM does not
exist. The physical meaning of the result is that we are
unable to estimate the parameter t based on the observable
random variables over the single antenna, because the effect
of t and t0 are aggregated. Without the prior knowledge of
t0, the propagation delay measurements by the single
antenna observable results are unreliability.

5.2 Parameter Estimation over Multiple Antennas
Similarly, since different antennas of the receiver share
the same ADC module, the received signal model for an-
tenna array has the same asynchronization time shift t0.
The received signal model considering asynchronization in
the frequency domain can be denoted by:

eRmðkÞ ¼ amSðkÞe�j
2pkðtmþt0Þ

LT þ hðkÞe�j
2pkt0
LT ; (33)

where k ¼ 0; 1; . . . ; L � 1 for L-length sampling, m ¼ 1;
2; . . . ;N for N antennas, tm denotes the propagation time
delay between the receiver’smth antenna and the transmitter.

Similar to the situation in Section 4.3, now the vector to
be estimated uu becomes:

trfI�1g ¼ Ls2

2a2
ref

PN
m¼1

1
b2m�PN

m¼1
1
b2m

cos 2ðumÞ
��PN

m¼1
1
b2m

sin 2ðumÞ
�

�
�PN

m¼1
1
b2m

cos ðumÞ sin ðumÞ
�2 (29)
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uu ¼ ½x; y; t0�; (34)

where x; y are the target’s horizontal and vertical localiza-
tion coordinates. The phase shift of the Gaussian noise com-
ponent hðkÞ has no influence on the mean vector mm since
the DFT of the Gaussian noise is still a Gaussian noise.
Thus compared with Eq. (21), the mean vector mm remains
except for a phase shift in the frequency domain due to t0 in
the time domain. To derive the FIM, we need to take the
derivative of the mean vector with respect to the parameter
vector. For the convenience of derivation, we use the polar
coordinates to express the derivative result. The result of
the FIM consists of the sum of the sampling length L and
the sum of different antennas. These sums are functioned
as a coefficient in the FIM. For simplification, we use the
parameter bm from Eq. (26) and let

1

gm
¼

XL�1

k¼0

jSðkÞj2 4p2k2

L2T 2r2m
; (35)

where the polar coordinate rm denotes the distance between
the mth antenna and the target device. Then the simplified
FIM I of the parameter vector uu is

2a2
ref

Ls2

XN
m¼1

cos 2um

b2m

XN
m¼1

cos um sin um

b2m

XN
m¼1

cos um
vgmXN

m¼1

cos um sin um

b2m

XN
m¼1

sin 2um

b2m

XN
m¼1

sin um
vgmXN

m¼1

cos um
vgm

XN
m¼1

sin um
vgm

XN
m¼1

1

gm

2
6666666664

3
7777777775
: (36)

We then need to find the estimation error bound of
the parameter by finding the inverse of the FIM above.
However, we are only interested in the first two parameters’
estimation error bound, which is to be obtained with the
equivalent Fisher information matrix (EFIM) for the conve-
nience of demonstration [35].

The N-length parameter vector uu can be divided into two

parts uu ¼ ½uuT1 ; uuT2 �T where n-length parameters uu1 is of the
interest. The N 	 N FIM Iuu can be divided corresponding to
the parameter vector uu.

Iuu ¼ A B
BT C

� �
; (37)

where A 2 Rn	n;B 2 Rn	ðN�nÞ;C 2 RðN�nÞ	ðN�nÞ. The sub-
matrix A is corresponding to the n interested parameters in
the parameter vector uu. Then the EFIM is

Ie ¼D A � BC�1BT ; (38)

which has the property that ½Iuu�1�n	n ¼ Ie
�1. In particular,

we are interested in the parameter p; A is the upper-left
2 	 2 submatrix in I that is corresponding to the first two

parameters x and y. We can derive the 2 	 2 EFIM from
Eqs. (36) and (38). With the EFIM, according to the informa-
tion inequality, we can get the variance of the CSI localiza-
tion by calculating the trace of the inverse EFIM.

Efjjp̂ � pjj2g � trfIe
�1g; (39)

where trfIe
�1g is shown in Eq. (40) and trfIe

�1g is the lower
bound of the localization estimation error.

Observing Eq. (40), it is interesting to find that the expres-
sion of the bound is independent of t0, but proportional to

the variance of the noise s2. This does not mean that the loca-
tion estimation error bound is independent of the degree of
asynchronization, because if this is the case, then the bounds
in Eqs. (29) and (40) are supposed to be the same (Recall that
Eq. (29) presents the location estimation error bound without
taking asynchronization into account). This result indicates
that the asynchronization effect is less effective than the
wireless communication noise in impacting the fundamental
performance bound of CSI localization.

Since the noise factor is dominating in determining
the fundamental CSI localization performance, and the
CRB considering asynchronization is over complicated, it is
more reasonable to reveal the insight into the design of CSI
localization systems based on the CRB shown in Eq. (29).
We could try to eliminate the time shift by asynchronization
as shown in [18], [19], [20], [37], [39]; however, the impact of
noise is unable to be eliminated, which is the major factor
incurring localization errors in CSI approach.

It is worth mentioning that the introduction of asychroni-
zation does not change the unbiasedness of the estimator.
Recall that the estimator function in the synchronized case
is p̂pðXXÞ, with EE½p̂pðXXÞ� ¼

R
p̂pðXXÞdX ¼ pp. If we take the asyn-

chronization effect t0 into account, the estimator function

becomes E½p̂pð~X~XÞ� ¼
R

p̂pð~X~XÞd~X ¼
R S N

m¼1

S L�1
k¼0 e

�j
2pkt0
LT p̂pðXXÞdX ¼R

ð
S N

m¼11Þp̂pðXXÞdX ¼ pp, which is also a unbiased estimator.
Although the asynchronization factor t0 does not present in
Eq. (40), it changes the localization estimation error bound
trfIe

�1g compared with Eq. (29). This means that the exis-
tence of time shift t0 actually impacts the lower error bound.

6 INSIGHT INTO CSI APPROACH

This section reveals insight into the CSI approach based on
our theoretical analysis. We first simplify the form of the
derived CRB. In practice, the wavelength � of the Wi-Fi signal
is around 9 � 12 cm, much less than the distance between the
target and the antenna array. Given that 4p2k2

L2v2T2r2m
� ð 2p

�rm
Þ2 �

1
r4m

, Eq. (26) can be simplified as 1
b2m

�
PL�1

k¼0 jSðkÞj2 4p2k2

L2v2T2r2m
.

We let K ¼ Ls2
.

ð2a2
ref

PL�1
k¼0

4p2k2

L2v2T2Þ to denote the rest
part of the CRB. The denominator of Eq. (29) can be further
simplified using the principles of trigonometric function,
which yields

trfIe
�1g ¼ Ls2

2a2
ref

PN
m¼1

1
b2m

�
�PN

m¼1
cos um
gm

�2
þ
�PN

m¼1
sin um
gm

�2
v2
PN

m¼1
1
gm�PN

m¼1
cos 2um
b2m

�
�PN

m¼1
cos um
gm

�2
v2
PN

m¼1
1
gm

��PN
m¼1

sin 2um
b2m

�
�PN

m¼1
sin um
gm

�2
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PN

m¼1
1
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�
�
�PN
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�
�PN
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cos um
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��PN
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�
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PN
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1
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�2

(40)

TIAN ETAL.: PERFORMANCE ANALYSIS OF WI-FI INDOOR LOCALIZATION WITH CHANNEL STATE INFORMATION 1877



GðN Þ ¼
PN

m¼1
1
r2mPN

m¼1

PN
n¼1

1
r2m

1
r2n

sin 2ðum � unÞ
; (41)

where N denotes a set of the antennas. Thus the CRB for
localization can be rewritten as

FðN Þ ¼ trfI�1g ¼ KGðN Þ; (42)

Theorem 1. The CRB as shown in Eq. (29) must be applicable to
CSI localization approaches with Intel 5300 toolkit.

Proof. With the analysis process presented in previous
sections, we can see that the CRB can be derived as long
as the inverse of the FIM can be found, which is closely
related to how the hardware is processing the received
waveform. We need to reveal the implicit necessary con-
dition of finding the inverse of FIM in the analysis of pre-
vious sections, and see whether the Intel 5300 toolkit can
satisfy the condition.

Consider a general case where we have an m1-dimen-
sional observable random variable vector with mean values
~m ¼ ½m1;m2; . . . ;mm1

� to estimate m2 parameters. Then the
corresponding FIM can be denoted as I ¼ UTU and

U ¼

@m1
@u1

@m2
@u1

� � � @mm1

@u1
@m1
@u2

@m2
@u2

� � � @mm1
@u2

..

. ..
. . .

. ..
.

@m1
@um2

@m2
@um2

� � � @mm1

@um2

2
666664

3
777775
m1	m2

: (43)

Suppose U is a full row or column rank matrix and x is
the nullspace in U, then we have Ux ¼ 0, and

Ix ¼ UTUx ¼ 0;

which means that x is also the nullspace in UTU.
Similarly, if x is the nullspace in I, then we have

ðxTÞUTUx ¼ ðUxÞTUx ¼ jjUxjj2 ¼ 0:

We thus have Ux ¼ 0. The homogeneous linear equa-
tion Ix ¼ UTUx ¼ 0 has the same basic system of solutions
as Ux ¼ 0, which means that rankðIÞ ¼ rankðUTUÞ ¼
rankðUÞ ¼ minfm1;m2g. Since I is an m2 	 m2 matrix,
which must be full rank to find the inverse; therefore, it
must be m1 > m2 so that the inverse of I can be found.

This means that the sufficient condition to find the
inverse of the FIM is that the number of observable
random variables must be greater than the number of
parameters to be estimated. In our analysis in previous
sections, the number of observable random variables is
related to the sampling frequency, and the number of
parameters to be estimated depends on how the model
is constructed, which in the worst case is related to the
number of paths the signal components experienced.
Intel 5300 NIC’s working bandwidth is 20 MHz or
40 MHz, which means that the number of observable
random variables is definitely larger than the possible
number of parameters to be estimated according to
the Nyquist sampling theorem. That is, Intel 5300 toolkit
must enable finding the inverse of the FIM, and once
the inverse of the FIM can be found, we can derive the
CRB as shown in previous sections. tu

Theorem 2. With the CSI approach using Intel 5300 toolkit, the
non-uniformly spaced antenna array outperforms the uni-
formly spaced one in terms of localizing the target that is far-
way from the array with r � d13, where d13 is the fixed
distance between the 1st and the 3rd antenna in the array.

Proof. We first consider a general case with N-antenna
array; the target is faraway from the array with r � d1N .
In this case, the distance between the user and each single
antenna is almost the same with jrm � rnj � dmn cos’
as shown in Fig. 3. The parameter dmn represents the dis-
tance between antennam and antennan and ’ denotes the
angle between the user position and antenna array. tu
Then we have

sin 2ðum � unÞ ¼ 1 � r2m þ r2n � d2mn

2rmrn

� �2

� 1 � r2m þ r2n
2rmrn

� �2

1 � 2d2mn

r2m þ r2n

� �

¼ 2d2mn

r2m þ r2n
� ðr2m þ r2nÞ2ðr2m � r2nÞ2

ð2rmrnÞ2

¼ d2mn

r2
� d2mn cos

2’

r2
� d2mn sin

2’

r2
;

(44)

and

GðN Þ �
PN

m¼1
1
r2PN

m¼1

PN
n¼1

d2mn sin 2’

r2
1
r2

1
r2

¼ Nr4PN
m¼1

PN
n¼1 d

2
mnsin

2’

: (45)

In the triple-antenna system such as the Intel 5300 NIC
that only contains three slots for antennas, according to the
average value inequality.

X3
m¼1

X3
n¼1

d2mn ¼ 2ðd212 þ d223 þ ðd12 þ d23Þ2Þ

� 2
1

2
ðd12 þ d23Þ2 þ ðd12 þ d23Þ2

� �
¼ 3d13

2:

Only the non-uniformly spaced antenna array (d12 ¼ d23)
can achieve the minimum in the inequality above. This
leads to the maximum of GðN Þ meaning the variance of
the estimated location is the greatest.

Corollary 1. The CRB for localizing the target that is farway

from the array with r � d1N is K 6r4

NðN2�1Þd2 sin 2’
, if the non-

uniformly spaced antenna array is used.

Theorem 3. For a given target and an antenna array in the polar
coordinates system with the target’s location as the origin, the

Fig. 3. Antenna array in far field.
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utility of adding a new antenna to the array for improving the
localization accuracy depends on the polar angle of the new
antenna.

Proof. In the polar coordinates system, the target’s position
is set as the origin. The original antenna array can be
expressed as N with N � 1 antennas. After adding antenna
N , denoted by AN , the array becomes N [ AN . The utility
of the addition is evaluated by the gain can be brought to
accurate location estimation: FðN [ ANÞ � FðN Þ.

Note that the denominator of GðN Þ satisfies the
Cauchy-Schwarz inequality, which is a positive value,
and K is also a positive constant without affecting
the positiveness or negativeness of the gain. To simplify
the expression of GðN Þ, we let A ¼

PN�1
m¼1 1=r

2
m, B ¼PN�1

m¼1

PN�1
n¼1

1
r2m

1
r2n

sin 2ðum � unÞ, C and D denotes the

increment of numerator and denominator of GðN Þ,
respectively. Thus C ¼ 1=r2N and

D ¼
XN�1

m¼1

1

r2mr
2
N

sin 2ðum � uNÞ ¼ C
XN�1

m¼1

1

r2m
sin 2ðum � uNÞ;

where the A;B;C;D are all positive values. Then the gain

FðN [ ANÞ � FðN Þ ¼ KBC � AD

BðB þ DÞ

¼ K
CðB � A

PN�1
m¼1

1
r2m

sin 2ðum � uNÞÞ
BðB þ DÞ :

(46)

According to Eq. (46), whether the gain is positive or
negative only depends on the polar angle of the newly
added antenna uN . tu
This theorem can be used in practical deployment of

CSI based localization systems. New antenna should be
arranged to an appropriate position, which is for the best
of most frequently visited locations.

Theorem 4. The lowest CRB of dual-antenna array localization
system with the spacing distance d can be achieved if the target
is in the midperpendicular of the two antennas, and is

ffiffi
2

p

4 d from
the midpoint of the two antennas.

Proof. When there are only two antennas, the correspond-
ing CRB is

GðN Þ ¼
1

r1
2 þ 1

r2
2

1
r1

2
1

r2
2 sin

2ðu1 � u2Þ
: (47)

According to the law of cosines, GðN Þ can also be written
as

GðN Þ ¼ r1
2 þ r2

2

1 � ðr12þr2
2�d2Þ2

4r1
2r2

2

: (48)

Let t ¼ 1=ðr12 þ r2
2Þ, then

GðN Þ � r1
2 þ r2

2

1 � ðr12þr2
2�d2Þ2

ðr12þr2
2Þ2

¼ 1

2t2d2 � t3d4
� 27

32
d2; (49)

iff r1 ¼ r2 ¼
ffiffiffi
1
2t

q
¼

ffiffi
6

p

4 d. The distance from the center

of the two antennas is
ffiffi
2

p

4 d. Proved. tu

We note that efforts have been dedicated to study influ-
ence of anchor point placement on localization performance.

For example, Spirito develops a general mathematical
framework to analyze distance measurements between the
mobile station and multiple base transceiver stations (BTSes)
in the cellular network, which theoretically interprets how
locations of BTSes can impact the localization accuracy [43];
Tekdas et al. show how to find the minimum number and
optimal placement of anchor points for localizing a robot in
sensor networks [42]; It also shows that the placement of
anchor points in the sensor network can influence the result
of CRB [32], [44].

In the works mentioned above, the geometry of anchor
points and the target is evaluated by geometric dilution of
precision (GDOP), which is the ratio of the change in output
location and that in measured data, quantifying how errors
in the measurement will affect the final state estimation.

Our work in this section focuses on how the single
anchor point should be designed to help approach to the
CRLB as much as possible. However, such findings could
be the basis for the possible future work studying the funda-
mental performance in the system with multiple CSI retriev-
able anchor points. It can be found that Eq. (41) is similar to
the GDOP expression as they are both in the fractional
form, and it is more favored that the values of the both are
as less as possible. In fact, GDOP and CRB are closely
related to each other, and they can be the expression of each
other utilizing the variance of the data measurement and
location estimation as described in [32].

7 EXPERIMENTAL RESULTS

This section presents numerical results of the CRB obtained
and the location estimation errors observed in experiments.
The numerical results for a specific location estimation sce-
nario are dependent on the values of the CRB parameters in
the scene, such as the variance of environment noise, antenna
configuration and relative positions of the antenna array and
the target. We compare the numerical results with the experi-
mental ones in the same settings, so that the theories of the
paper can be understood intuitively. Since the theoretical
results are based on the assumption of ideal CSI measure-
ments and perfect location estimation algorithms, which can
not be realized in practice, there must be discrepancy between
the theoretical performance bounds and the experimental
results. However, if the trend of the experimental results is in
line with that of the theoretical ones under different impacting
factors, our theoretical analysis can be corroborated. The basic
experiment settings are tabulated in Table 1.

7.1 Asynchronization Error Bound
We build an AP capable of retrieving CSI using Intel 5300
toolkit and conduct experiments in a hallway as shown

TABLE 1
Experiment Settings

Wireless Router TP-LINK TL-WR2041N

Anchor Point XCY-X30 N2830 + Intel 5300 NIC

Antenna CISCO AIR-ANT5135DG-R

Software Linux 802.11n CSI Tool

Corridor SEIEE Building 4th floor corridor, SJTU

NLOS SEIEE Building 1-434 lab, SJTU

Room SEIEE Building 1-434 lab, SJTU

Open Space Square between SEIEE Building 1 and 2, SJTU
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in Fig. 4. The TP-LINK TL-WR2041N wireless router is the
target that sends out signals for the Intel 5300 NIC in
the anchor point to catch. We implement the localization
algorithm of SpotFi [18] for processing the CSI data. Intel
5300 NIC has three slots for antennas and can retrieve the
CSI of 30 sub-carriers, which makes 3 	 30 CSI matrix avail-
able. It also provides signal to interference plus noise ratio
(SINR), which can be used to estimate properties of environ-
ment noise. According to [17], [21], such CSI data are
derived from the received waveform after ADC, which is in
accordance with the assumptions of our theoretical analysis.

We conduct experiments to verify our asynchronization
analysis in Section 6. In particular, we want to compare the
localization performance with and without the asynchroni-
zation effect, and then find the time delay error bound with
the synchronization mechanism.

For the synchronized case, we implement and apply
the ToF sanitization algorithm in [18] to eliminate the
sampling time offset (STO) in experiments, after which
we can construct the smoothed matrix from the 30
subcarrier over each antenna. We further apply the
improved MUSIC algorithm in [18] to the smoothed
matrix. The steering vector in the MUSIC algorithm is

~aðtÞ ¼ ½1;VðtÞ; . . . ;V14ðtÞ�T where VðtÞ ¼ e�j2pDft and Df
is the frequency interval between the subcarriers. Since
the sanitization algorithm is unable to eliminate the STO
completely, we term the case as quasi-synchronized case.
For the asynchronized case, we do not apply the sanitiza-
tion algorithm, so the errors introduced by the asynchro-
nization effect can be observed. We also plot CRLB of the
two cases, where the values of the parameters are
assigned based on the experiment observations.

Although not explicitly mentioned in [18], we find that
the RF oscillator phase offset between antennas of the AP as
observed in ArrayTrack system [20] can also occur in
the Intel 5300 based system. Such phase offset is caused dur-
ing the demodulation procedure, which can significantly
impact the localization performance, but can be calibrated
with the idea as presented in [20].

The results are shown in Fig. 5. We can see that the two
curves in the lower part of Fig. 5a are CRLBs for the CSI
localization system without and with synchronization,
respectively. The dots in the upper part of the figure are
experimental results in the two cases, where the two fitted
curves based on the results are also presented. It can be seen
that the theoretical bounds in the two cases are close to each
other, which means that perfect precise hardware synchroni-
zation can improve the CSI localization performance in an
insignificant manner. This corroborates our analysis of CRLB
in Eq. (40), where it is found that the inevitable noise is the
dominant factor impacting the CSI localization performance.

It also can be found that the quasi-synchronization approach
in [18] can indeed improve the performance in practice.

We then verify our analysis for time delay errors with
the same configuration of the quasi-synchronized case as
mentioned above. This is because the perfect synchroniza-
tion in practice is still unavailable. We set the distance of the
T-R pair from 1m to 10m, and measure the corresponding
ToF in each setting for 100 times. Comparing the measured
ToF with the ground-truth ToF calculated with the distance
divided by the speed of light, we can find the ToF estimation
errors from experiments. The experimental results are com-
pared with the theoretical error bound derived, which are
illustrated in Fig. 5b. The theoretical results are obtained
according to Eq. (15), where the length of DFT is 512 and
the sample rate is set to be 300 MHz. This is equal to the
transmitting data rate according to the 802.11n standard.
The environment noise power is �95 dBm. The amplitude of
the received waveform at the location that is 1m away from
the AP is �40 dBm, and the amplitude measured in locations
with different distances from the AP is basically inversely
proportional to the distance according to the experiments.

As shown in Fig. 5b, we can also find the significant
discrepancy between the experimental results and the theo-
retical error bound. Besides the inherent difference between
the theory and practice, the rough ToF sanitization algo-
rithm is another reason, which is unable to estimate accu-
rate ToF [18]. However, we can see that the trend of the
experimental results is increasing, because the farther the
target is from the AP, the larger the error of estimation
can be, which is in accordance with the CRLB trend.
This corroborates our theoretical analysis.

7.2 Antenna Array Design
We here verify our insight into the antenna array design
presented in section 6. We first examine whether the locali-
zation errors obtained with two antennas will have a greater
CRLB than that with three antennas under the same circum-
stance. Substituting N ¼ 2 into the CRLB expression,
we can calculate the error bound for 2 antennas. We can
construct the smoothed CSI matrix from 2 antennas CSI
and obtain the location estimation with the similar
method in [18]. We can see from the Fig. 6a that the theo-
retical bound for two antennas is greater than that for
three antennas.

We next compare performance of the non-uniformly
spaced antenna array with that of the uniformly spaced one.
We conduct experiments with the 3-antenna anchor point,
and the distances between two adjacent antennas are set as
following: 1) d12 ¼ 1:5 cm and d23 ¼ 2:5 cm; 2) d12 ¼ 2:0 cm
and d23 ¼ 2:5 cm; 3) d12 ¼ 2:5 cm and d23 ¼ 2:5 cm. The
theoretical error bound are calculated with case 1) and 3).

Fig. 4. Experiment environment:hallway (NLOS).
Fig. 5. Asychronization error bound.
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