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Optimal Channel and Relay Assignment in OFDM-Based
Multi-Relay Multi-Pair Two-Way Communication Networks

Yuan Liu and Meixia Tao, Senior Member, IEEE

Abstract—Efficient utilization of radio resources in wireless
networks is crucial and has been investigated extensively. This
letter considers a wireless relay network where multiple user
pairs conduct bidirectional communications via multiple relays
based on orthogonal frequency-division multiplexing (OFDM)
transmission. The joint optimization of channel and relay as-
signment, including subcarrier pairing, subcarrier allocation as
well as relay selection, for total throughput maximization is
formulated as a combinatorial optimization problem. Using a
graph theoretical approach, we solve the problem optimally in
polynomial time by transforming it into a maximum weighted
bipartite matching (MWBM) problem. Simulation studies are
carried out to evaluate the network total throughput versus
transmit power per node and the number of relay nodes.

Index Terms—Two-way relaying, orthogonal frequency-
division multiplexing (OFDM), subcarrier pairing, graph theory,
maximum weighted bipartite matching (MWBM).

I. INTRODUCTION

RELAY-ASSISTED communication can improve the sys-
tem overall performance in wireless networks, such

as coverage extension, power saving, and throughput en-
hancement. Combining relaying architecture with orthogonal
frequency-division multiplexing (OFDM)-based transmission
is a powerful technique to enable high date rates over broad-
band wireless networks. To fully exploit the potential of
OFDM-based relay networks, it is crucial to design efficient
resource allocation schemes, including determining which
relay node to cooperative with, which set of subcarriers to
operate on, and with how much power to transmit the signals.

Resource allocation has attracted extensive attention re-
cently in a variety of OFDM-based relay networks (e.g., [1]–
[7]). For instance, the optimal relay and subcarrier allocation
in an OFDMA relay network with multiple sources, multiple
relays and a single destination was investigated in [1]. In [2],
the authors proposed a framework for joint optimization of
relay selection, relay strategy selection, power and subcarrier
allocation using dual decomposition method. Both works
assumed that the relay-assisted two-hop transmission employs
the same subcarrier for both links, i.e. the source-to-relay link
and the relay-to-destination link. This assumption simplifies
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the problem but does not fully utilize the channel dynamics.
It is then shown in [3], [4] that a better performance can be
achieved if the subcarriers in the first and second hops can be
paired carefully according to the instantaneous channel con-
ditions. In [5], the subcarrier-pairing based joint optimization
of power allocation, relay selection and subcarrier assignment
for single-user multi-relay cooperative OFDM systems was
studied. Authors in [6] studied separated power allocation and
subcarrier pairing in three-node two-way relaying, where the
power allocation is employed by water-filling and subcarriers
are paired at the relay by a heuristic method. Recently, we
proposed a three-time-slot time-division duplex transmission
protocol for bidirectional OFDMA cellular networks in [7],
where the joint optimization of subcarrier-pairing based bidi-
rectional transmission mode selection, relay selection, and
subcarrier assignment was investigated.

In this work, we consider an OFDM-based network where
multiple relays help multiple pairs of source nodes to conduct
bidirectional communications. Our aim is to maximize the
system total throughput by optimally coordinating the relay
and subcarrier assignment among the multiple pairs of two-
way users. Compared with the existing works in [1]–[7], our
problem involves two major technical challenges. The first one
is the subcarrier pairing and assignment. Though the optimal
subcarrier pairing has been found for one-way relaying such as
[3]–[5], only heuristic subcarrier pairing methods are available
for two-way relaying [6], [7]. In addition, the problem is more
involved in the multiuser scenario since subcarriers should not
only be carefully paired for each two-way link but also be
assigned adaptively for different users. The second challenge
lies in the fact that subcarrier pairing and relay selection
are tightly coupled, i.e., different relay selections lead to
different subcarrier pairing and assignment, and vice versa.
For instance, a bad pair of subcarriers in two hops for one
relay and one user pair may be good for the same user pair if
another relay is selected to them, or good for the same relay
if another user pair is selected. It is thus necessary to consider
them jointly, which can be referred to as subcarrier-to-relay-
to-user assignment.

We formulate the joint optimization problem of subcarrier-
pairing based subcarrier assignment and relay selection for
multiple two-way users as a combinatorial optimization prob-
lem. We then adopt a graph based approach and establish the
equivalence between the proposed problem and a maximum
weighted bipartite matching (MWBM) problem. Then the
problem is solved by the corresponding graph based algorithm
optimally in polynomial time.

The remainder of the paper is organized as follows. Sec-
tion II introduces the system model and problem formulation.
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Fig. 1. System model, where 𝑆𝑘,1 and 𝑆𝑘,2 denote the two sources of the
𝑘-th user pair. The grids denote the subcarrier indexes.

The graph based approach is detailed in Section III. Section IV
provides simulations to verify the effectiveness of the algo-
rithm. Finally, we conclude the paper in Section V.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider an OFDM-based wireless network with 𝐾
pairs of users and 𝑀 relays as shown in Fig. 1, where each
user pair exchange information via the relays. Each node
operates in a half-duplex mode. For simplicity, the amplify-
and-forward (AF) two-way relay strategy is adopted.1 We
model the wireless fading environment by large-scale path loss
and shadowing, along with small-scale frequency-selective
fading. We assume that the channels between different links
experience independent fading and the network operates in
slow fading environment, so that channel estimation is perfect.
We also assume that a central controller is available in
the network so that the centralized processing is possible.
Note that in relay-assisted wireless networks such as IEEE
802.16j, the relay nodes are usually fixed and hence the
network channel state information can be reliably gathered and
utilized at one of the relays for centralized resource allocation.
The additive white noises at all nodes are assumed to be
independent circular symmetric complex Gaussian random
variables. We further assume that the direct communication
link between the two users in each pair is neglected due to, for
instance, the shadowing effects. This assumption is commonly
used in the literature (e.g., [6], [8]–[11]). In this work we
do not pursue power allocation for simplicity. It is known
that power allocation can bring significant improvement in
relay networks when all source and relay nodes are subject
to a total power constraint[3]. However, the gain brought
by power allocation is very limited in OFDM-based relay

1Decode-and-forward (DF) strategy, such as bit-wise XOR and symbol-wise
superposition could be used but the problem formulation may be changed a
little bit accordingly.

networks if each transmitting node is subject to an individual
peak power constraint[3], [5], [6]. In the considered system
model, all nodes are subject to their own individual peak power
constraints and, therefore, the transmit power is assumed to
be uniformly distributed across all subcarriers.

Let 𝒩 = {1, 2, ⋅ ⋅ ⋅, 𝑁} denote the set of subcarriers,
ℳ = {1, 2, ⋅ ⋅ ⋅,𝑀} denote the set of relays, and 𝒦 =
{1, 2, ⋅ ⋅ ⋅,𝐾} denote the set of user pairs. Denote 𝑘1 and 𝑘2 as
the two sources in the 𝑘-th user pair, respectively. The two-
way communication takes place in two phases (see Fig. 1).
Specifically, in the first phase, also known as multiple-access
(MAC) phase, all the 𝐾 pairs of users concurrently transmit
signals to the relay nodes. In order to avoid inter-pair interfer-
ence, each user pair occupies non-overlapping subcarriers. The
intra-pair interference will be treated as back-propagated self-
interference and canceled perfectly after two-way relaying.
In the second phase, known as broadcast (BC) phase, the
relay nodes amplify the received signal and then forwards to
the 2𝐾 destinations. Again, each relay is operating on non-
overlapping subcarriers to avoid inter-relay interference.

Let 𝜋(𝑛) denote the subcarrier in the second phase paired
with the subcarrier 𝑛 in the first phase. For notational con-
venience, we rewrite 𝜋(𝑛) = 𝑛′. Note that each subcarrier
pair can be assigned to only one relay and one user pair for
interference avoidance. On the other hand, each user pair or
relay can occupy more than one pair of subcarriers. Assume
that user pair 𝑘 is assigned with subcarrier 𝑛 and sends signals
to relay 𝑟 in the first phase, the relay 𝑟 then broadcasts
the amplified received signals on subcarrier 𝑛′ in the second
phase. Then, the achievable sum-rate of user pair 𝑘 over
subcarrier pair (𝑛, 𝑛′) with the assistance of relay 𝑟 can be
expressed as

𝑅𝑛,𝑛′
𝑘,𝑟 =

1

2
𝐶

(
𝛾𝑛
𝑘1𝑟

𝛾𝑛′
𝑟𝑘2

1 + 𝛾𝑛′
𝑟𝑘2

+ 𝛾𝑛
𝑘1𝑟

+ 𝛾𝑛
𝑘2𝑟

)

+
1

2
𝐶

(
𝛾𝑛
𝑘2𝑟

𝛾𝑛′
𝑟𝑘1

1 + 𝛾𝑛′
𝑟𝑘1

+ 𝛾𝑛
𝑘1𝑟

+ 𝛾𝑛
𝑘2𝑟

)
, (1)

where 𝐶(𝑥) = log2(1+𝑥), and 𝛾𝑛
𝑖𝑗 denotes the instantaneous

signal-to-noise ratio (SNR) from node 𝑖 to node 𝑗 over
subcarrier 𝑛, assuming that all the nodes have the unit noise
variance.

We now introduce a set of binary variables 𝜌𝑛,𝑛
′

𝑘,𝑟 ∈ {0, 1}
for all 𝑘, 𝑟, 𝑛, 𝑛′ , where 𝜌𝑛,𝑛

′
𝑘,𝑟 = 1 means that subcarrier 𝑛

in the first phase is paired with subcarrier 𝑛′ in the second
phase assisted by relay 𝑟 for user pair 𝑘, and 𝜌𝑛,𝑛

′
𝑘,𝑟 = 0

otherwise. As assumed above, each subcarrier can be assigned
to one user pair and one relay, in the first and second phases,
respectively to avoid interference. Therefore, {𝜌𝑛,𝑛′

𝑘,𝑟 } must
satisfy the following constraints:∑

𝑘∈𝒦

∑
𝑟∈ℳ

∑
𝑛′∈𝒩

𝜌𝑛,𝑛
′

𝑘,𝑟 ≤ 1, ∀𝑛 ∈ 𝒩 , (2)

∑
𝑘∈𝒦

∑
𝑟∈ℳ

∑
𝑛∈𝒩

𝜌𝑛,𝑛
′

𝑘,𝑟 ≤ 1, ∀𝑛′ ∈ 𝒩 . (3)

Our objective is to maximize the system total throughput by
optimally pairing subcarriers in the two phases and selecting
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Fig. 2. Bipartite graphs. (a) An example of a matching. (b) An example of
a perfect matching. (c) The proposed bipartite graph.

the best relays and the best paired subcarriers for each user
pair. Mathematically, this can be formulated as (P1):

P1 : max
∑
𝑘∈𝒦

∑
𝑟∈ℳ

∑
𝑛∈𝒩

∑
𝑛′∈𝒩

𝑅𝑛,𝑛′
𝑘,𝑟 𝜌𝑛,𝑛

′
𝑘,𝑟

𝑠.𝑡. (2), (3). (4)

Note that we can easily modify the objective function in
P1 to weighted sum of all user rates without affecting the
algorithm design if fairness is considered.

III. A GRAPH-BASED OPTIMAL APPROACH

Problem P1 is a combinatorial optimization problem and
the optimal solution can be obtained by exhaustive search.
The complexity is exponential and thus prohibitive when 𝐾 ,
𝑀 , and 𝑁 are large. In this section, we propose a graph based
approach to solve the problem optimally in polynomial time.

By observing the summation in the objective function of P1,
it is easy to find that there is at most one non-zero element
for a given subcarrier pair (𝑛, 𝑛′) due to the constraints (2)
and (3). Based on the observation, we define

ℛ(𝑛, 𝑛′) = max
𝑘∈𝒦,𝑟∈ℳ

𝑅𝑛,𝑛′
𝑘,𝑟 , (5)

for each possible subcarrier pair (𝑛, 𝑛′). The associated user
pair and relay node that take the maximum in (5) for each
subcarrier pair (𝑛, 𝑛′) are denoted as 𝑘∗ and 𝑟∗, respectively.

Consequently, we can transform the original problem P1
to the following simplified problem (P2) without loss of
optimality:

P2 : max
∑
𝑛∈𝒩

∑
𝑛′∈𝒩

ℛ(𝑛, 𝑛′)𝜌𝑛,𝑛
′

𝑘∗,𝑟∗ (6)

𝑠.𝑡.
∑
𝑛′∈𝒩

𝜌𝑛,𝑛
′

𝑘∗,𝑟∗ ≤ 1, ∀𝑛 ∈ 𝒩 ,

∑
𝑛∈𝒩

𝜌𝑛,𝑛
′

𝑘∗,𝑟∗ ≤ 1, ∀𝑛′ ∈ 𝒩 .

In what follows, we show that the simplified P2 is equiv-
alent to a maximum weighted bipartite matching (MWBM)
problem. Before we proceed, we review some preliminaries
of MWBM in [12].

A bipartite graph is a graph whose vertices are divided
into two disjoint sets so that every edge connects a vertex

in one set to one in another. If the two sets of vertices have
the same cardinality, then the bipartite graph is a balanced
bipartite graph. A matching is a set of mutually disjoint edges,
i.e., any two edges do not share a common vertex. An example
is shown in Fig. 2(a). A perfect matching is a matching that
every vertex in the graph is matched, an example of which is
shown in Fig. 2(b). Note that perfect matching is the special
case of matching.

We now construct a balanced bipartite graph 𝒢 = (𝒱MAC×
𝒱BC, ℰ ,𝒲), where the two set of vertices, 𝒱MAC and 𝒱BC,
are the set of subcarriers 𝒩 in the MAC phase and the BC
phase, respectively, as shown in Fig. 2(c). ℰ is the set of edges
that connect all possible pairs of vertices in the two set of
vertices. Note that 𝒩 is shared in each phase, thus ∣𝒱MAC∣ =
∣𝒱BC∣ = ∣𝒩 ∣ = 𝑁 and ∣ℰ∣ = 𝑁2, where ∣ ⋅ ∣ is cardinality of
a set. 𝒲 is the weighting function such that 𝒲 : ℰ → ℝ+.
More specifically, each edge is assigned a weight, representing
the maximum achievable rate over the matched two vertices.
Namely,

𝒲(𝑛,𝑛′) = ℛ(𝑛, 𝑛′), (7)

where ℛ(𝑛, 𝑛′) is defined in (5). The weighting process
is done across all edges. Hence its total complexity is
𝒪(𝐾𝑀𝑁2), which is polynomial.

According to our construction method of graph in above,
we find the following equivalences: (i) a pair of matched
vertices is just a subcarrier pair in the MAC and BC phases,
(ii) a matching implies no violating the exclusive subcarrier
assignment in each phase defined in (2) and (3), and (iii)
the weighting process done for each edge in ℰ is equivalent
to finding the optimal user pair and relay for each possible
subcarrier pair. Consequently, the joint optimization problem
of subcarrier-pairing based subcarrier assignment and relay
selection in multi-relay multi-pair two-way relaying networks
for the total throughput maximization is equivalent to finding
a perfect matching ℱ∗ ⊆ ℰ in 𝒢 so that the sum weights of
ℱ∗ is maximum2. This is the so-called MWBM problem (P3):

P3 : max
ℱ∗⊆ℰ

∑
(𝑛,𝑛′)∈ℱ∗

𝒲(𝑛,𝑛′), (8)

which is NP-complete and equivalent to P2.
The key of the proposed algorithm is the mapping from the

original problem P1 to the simplified problem P2 and then
to the MWBM problem P3, both without loss of optimality.
Once the mapping is done, the classic Hungarian algorithm
can be adopted to solve P3 optimally with the computational
complexity 𝒪(𝑁3). The details can be found in [12]. By
combining the aforementioned complexity of the weighting
process, the total complexity of our proposed algorithm is
𝒪(𝐾𝑀𝑁2 +𝑁3), which is polynomial.

IV. SIMULATION RESULTS

We consider a two-dimensional plane of node locations
shown in Fig. 3, where the source nodes and relay nodes
are randomly but uniformly distributed in the corresponding
square regions. We adopt the path loss model in [13], where
the path loss exponent is set to 4 and the standard deviation of

2Note that the MWBM must be a perfect matching, but not vice versa[12].
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Fig. 4. Performance comparison of the proposed algorithm and the
benchmark.

log-normal shadowing is set to 5.8 dB. The small-scale fading
is modeled by multi-path Rayleigh fading process, where the
power delay profile is exponentially decaying with maximum
delay spread of 5 𝜇𝑠 and maximum Doppler spread of 5
Hz. A total of 2000 independent channel realizations were
generated, each associated with a different node locations. The
number of subcarriers is 𝑁 = 32. All sources have the same
maximum power constraints, so do all relays and they satisfy
𝑃𝑟 = 𝑃𝑘1 + 3dB = 𝑃𝑘2 + 3dB (per-subcarrier) for all 𝑟 and
𝑘.

As a performance benchmark, the fixed subcarrier pairing
scheme is considered. Like the previous work (e.g., [1], [2]),
we let signals transmitted by the user pair on one subcarrier
in the MAC phase is forwarded on the same subcarrier by a
relay in the BC phase, i.e., 𝜋(𝑛) = 𝑛, rather than seeking
the optimal subcarrier pairing. Then the problem reduces to
selecting the optimal user pair and relay for each subcar-
rier for throughput maximization, which can be optimally
solved by the greedy algorithm. Namely, each subcarrier 𝑛
shall be assigned to the user pair and the relay that satisfy
(𝑘∗, 𝑟∗) = argmax𝑘∈𝒦,𝑟∈ℳ 𝑅𝑛,𝑛

𝑘,𝑟 . The overall complexity
of the fixed subcarrier paring scheme is 𝒪(𝐾𝑀𝑁). Recall
that the complexity of the proposed graph-based scheme
is 𝒪(𝐾𝑀𝑁2 + 𝑁3), which is higher than the benchmark
scheme.

Fig. 4 illustrates the total throughput when there are 𝐾 = 5
user pairs and 𝑀 = 4 relays in the network. We observe
that the proposed optimal channel and relay assignment with
adaptive subcarrier pairing achieves 8 ∼ 10% improvement in
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Fig. 5. Effects of the number of relays, where 𝑁 = 32, 𝐾 = 5, and
𝑃𝑘1

= 10 dB.

total throughput over the scheme with fixed subcarrier pairing.
Fig. 5 shows the throughput performance versus the number

of relays when 𝐾 = 5 and 𝑃𝑘1 = 10 dB. It is observed
that having multiple relays in the system can provide relay
selection diversity. However, the gain brought by increasing
the number of relays is diminishing when 𝑀 is large enough.
This is due to the fact that the capacity scaling of relay
selection is 1

2 log log𝑀 [14].

V. CONCLUSIONS

In this work, we investigated the joint optimization of
subcarrier-pairing based subcarrier assignment and relay selec-
tion for multi-relay multi-pair two-way relay OFDM networks.
The problem was formulated as a combinatorial optimization
problem and NP-complete. We proposed a bipartite match-
ing approach to solve the problem optimally in polynomial
time. The work assumed the amplify-and-forward based non-
regenerative relay strategy. The similar problem based on
more advanced regenerative two-way relay strategies can be
considered in the future work.
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